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Abowt this book

”Lm.jhcut 8 'L‘h_r.. PGLT’L'L of ih'gﬁ?ﬂ 18 a. COmmoOn dku.p_'it'u.,f:}n W

math classes for a reason.

Le often learn math concepts before und_a.?%tqn:llﬁ-:a the
FhLLaanthaL q estions that motivated them. For a.,:-m,m.p\.a.,j )
learaed about bijeCtLansg before | realized it answered the

quUeSELON: are Some canfenctees ééJJ-sr than others? ALl of the
abStract math textbooks ) could 'P'LI"-CL FP'LDP’L{LELEL
CGM?FLhLﬂﬂLVLﬁﬂ,EE a.rd. LXPOSLLLOn Over why the PT‘GELL"L‘E Wele
Lfun ‘and 'Lntaraa-tx.mﬂ nothe First F-'L-:Lf‘_r.._ l_LLE.kiLlﬂ,} | found a
few friends and teachers who tmm%ht me exactly L.-Jh,t.j these
Subhjects were SO FmSc'xnﬂ,t'anf’_J and kRnew the 'u.ﬁt?.rv.'i'th.l‘t:j
questions to ask, and once ) knew that, ) could turn to my

texthoors for :ﬂmpruhhnSi.ana‘s% -::L,mi L;{pﬂﬁ'ﬁkﬂn,

This comic S meant to teach real ﬂ_ﬁﬂ-ll.\ﬁﬂ'uﬁj o. suhject +that
often Serves o8 an ntroduction Lo absStract math. ltl'?. +he
textbook | wish | had - one that includes visuals, stories,
and the philosophical questions that lead to core
mathematical LDFL:L.P{%_ After -::.LL_: math 8 like PhLLD%Dphmﬁ.}
but with answers.

) hﬂpz. this book 'S %Eme_thli‘kﬂ ﬂﬂulri want 1o re_n..c:l. whether YO

n,p_a,cL 1o ?m’é% o.M anLlﬂE'LS -E.LD.’?:.S_} or I":;r.::..‘-f:.‘% SOme TyMme, E'w.."c-ht.r' un%_?
} ‘:"LGP.;, You. enjoy ra,r::.hr:ll'l‘l-{a about the subject that brum%ht S0

moue oy and comAfort to me,







What 8 real analysis?

.TJGu. 'Le.cxfr*..a.i SO0me amOwnt ok 'I!""Jn-bh"..‘ih.
a. BhoOwtT {:.ﬂ,L[.iLLLLE e hu.l':}h. ELhGGL
('e;,'nf:..h. L You didn't realize Lt ).

Analysis s about r.:.'..«r‘_i::.hr‘!t.iuvr;k;;i.l

up thiat rubvbish,
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LAJP. hLolve 1o -’?t::r%c_,t he,n. LJE.lLL 'I:l'-J-"-..LcL “t hﬂhth.uﬂ-
ﬁubfﬂthlﬁlﬁ e IR.F'L.CI'L:' g_gnh"_nﬁ F’r':""“-nﬁ E':L':-h 'stlp,: _ 4

- about mathe r-xcx,'n.'x,nq qupres th's el true .
. 5 |

To do anw Ly Sis,.
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rﬁ.ﬂtﬂ_.: Hﬁﬂ.tmﬁﬁiﬁ S about F‘UI" I-!.-?"'-*EJ"-'["‘I..FLLM'..,_I|I L:l’ﬂld-‘LL Flﬁﬂk—'-ﬂ

Fﬁﬂréncj i:r:n.1--|='..w~_l\_|Lu~_S_JI not a‘f..:?a::nc? that 'Lﬁti‘.af‘n.'l.ﬂ L:i-\.'SJC-.J boct

caloulus,




b.)\’uj cLD -:J._r‘x.ah\.%SLS?

Diysclaimens: ﬂnnL%SLS 'LSnl't tLLhﬁLLnLL% ”l.:..%r_-?t.r.'l._j“ W ihnu"t:
l‘} TE-LL Cor rn..r':..l.mﬂ '-'-I-.FF.ILLj Lt ko i.ht.. l"E..'l:LL 1.:='i:inr"'l.,e:':'k.:|I :'.Ln.cL

1) The hm..ncl_-muum_ma
calculuws can lL'E."-:'-..(L TO

o
ED..T“&CLGHE.%_ ﬂnmh{:‘.'ﬁ
wes that by Prﬂv'x.n:ﬂ

catculusg rLaGr'Dm%Ltﬂ,

L) Anadysis presents
oru GPPGrtmn.Ltkj to
think ﬂ.h.cl_ Pl"‘t}ug_
thlnﬂ% e aun
entirely new woy,

3) Analusis offers escape’
Lrom. r'»:r_ul‘n.hﬂ - o chance
to philosophivae about
th'l.&nﬁ. thot hooe

'ncth‘u-.r\.ﬂ to do with your

=

D rave B.mm

Arcd SUre, mnmLtj%'n.% does Hove Some Prﬂ_f‘_‘tlr_u.l. c:..pPL'utu.tl.filrﬁ_
But who cares, nhnmjmn.h&.j? We do it becouse tt's fun,




LRy do analysis books

rqrahj wSe P'LC"C.LLT"E,%?

,ﬂlrLaL%SLS Corme abOWwt o .S Fn.f‘t of a. movement LR

the 7005, Some mothematicians vanted math

t0 be moOre abstract and Hpu-.r':..,,“ and thetefore to
re.l.uj leSs On thL ”c_rmt.-hc.h.n..%” ok "l'uau.re.% ﬂ..-ﬁ.EL

r:i..'h.n-cﬂl‘n.m%_

T waq %Gﬁxtth'n.ﬁa o+ o Lhﬂ.LLLT‘LﬂL,} pl..r"h-:-,PS.}
to define math without relying on Flgures.

Arca: that‘% Pr*ﬂbubh:, Mhtﬁ m.Ost u.n.c:..'l.s.ﬂ.ﬂ's.s
texts -‘Sh'ﬂ e "prﬂﬂ'\_. \f'q._SLLLJ._LE: betCawse a.
"gl,r:j PE‘-'\_I‘L"L oL I:L_nn.l.m.jSl.S was to ot ﬁ.tP_CL

viSuals ::..ntjrri.ﬂr"a_
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How do you prove. that

ammaihgna cLGe_%ﬁ."'h exLStY

Prﬂqvx_n:ﬁ %GrrLe,t'Tﬁ.'Lﬁ.cj doedn't Lxi8t can be o Lot harder than

Pr*r::-v'u_na Eﬂf‘"'-.e,-'t.".'LL'.'Lsa doed cCvxiSt,

A fs.an:,'u_c:\.c:tai_at_’ J enry
Lembeke, roan into
thiat problem,

Bt Me cownldn'k Sy
i L II ||

Yor Suwre that thee
-"E"-FL"-‘- "‘:.Lr"l.';;,\} MNever

}‘LQPFLHLCL,H

He'd Neard Stories

o.bouwt antiwvcr
rotestors EPL’L‘LLH. Ore
E/i,m.{.n.u.m. Lar soldiers

g "Lh.-r_.}d e terned

I+ e only Rava
prove thie Spittin
h*ﬂ-FFL.FLLcL,} FLe wowld
just have to find
ONe accouwnt of it.

But as Lembcke looked
into the P’ht—ﬁ.ﬂl“ihﬁﬂ.ﬂi |
e cowtd Find no
SLn.%_Lg, iNnStance ok thi
Spitting,

'\.1'0;.':"! i |

Boot how could he™
prove thuat nﬂf’t}lﬁii’i:h_tj
eYer spb.t On. o wvar
VLLI‘..-["-G..I-"'-?

I 4 -1.:.4:31,1_1._& be 'uMPGSE'h,ELt T iNterview eNery S_Lﬁ.;a'LF. Viectnam
Veteran = r_:i.,g_::z,-:i_ t.x‘I'LcL aliiVe, :

=, I

Srem

_

ki

The sociolo
u
Fr‘ﬂtr_.stt:rr* p

evidence i1t vas truwe.

ENdMenOn Was LNnitraie,

(St ocdmitted that he couldn't say the : $pitting
He could only say he Hound no




How do yow pProve

n{]n-*e,?{'\_%'te_nte_ Ure r'r'u,.c!._"(,h?

F“-’-C'F‘L& Sy ijf:"LL Carn't Prove o T";e_:ﬂi::.."t.'l._'fﬂ. Statemendt T’L't::t Truee,
e Ill_'l..-!'_l.f"iij.___ But in rh.,cﬂ.t“ﬁ._j i_t!"E_ P{'-"'ES"_'»;"_‘:LE« P i T HFTGGJ'-? by
contradiction, '

¥ we find a contradiction
withoumn owye re_u.,?,nnn_n:j we
must conclude that -I:."n..._n.ﬂ

.:!:-dﬁ_ﬁ‘ .f;.:r{s X u..st.

Et—m:.mhq..r_i — "".:'_. L-.}; a.c-hum-.hhﬁ
MOowr Monoe, <, 1 , ave wideo

R T Wy B - . | ! foola i.. r‘{-‘r‘ﬂ.!'i-
TRy ] = the -LLIL"?U"- u.-"a-
(A e Tl 0 S N | i 4:4._-_;3 -0,

-ﬂﬁ.:l-l"'

-

When 60 people contradict each other, youw know one of them
hasg ..ac:-‘c. t0 be Wrong,

g'uf’tLlL-::hr‘L;ﬂ__' L4 0 nx::._-hh.,: F tuo of the Lines un YO Pr‘f_ﬁ.ﬂ
contradict ecoch Oother. then 'Ll'flr._-l"i'.1% Oul- Lt Ll 'hh_L-FP.
Eﬂrﬁ.i‘_.-m}‘u_.l‘“e,,

-

F:iﬁ.cl, -F Lvery :tLP ~.‘:Jr:1-uq. took Wi the ?rau#‘- oS ;:,t::u-r-n_.:_t + e e by
r_:::.n.t be UL aniy ot the Ethps youw took, The Lie m..m?;t be un:t.!.j hack
T J;_h,u;_. ._}'E-F:-j 5[:3 %ﬂmrﬂpt;t}nlyﬂﬂm ff's,u..ip_,




How do you prove irrationality?

He wals exited. Bit hoo could he

Move ‘,-p-;“ay-sn thakt

(It was hNeresy to
Say Numbers were
30 disordertiy )
- : L

wrractional numbers
xSt T

s o

l_J‘__.Pr‘I.,.IL.-r‘I... o e

ancient Greek

d.i.*%-:;t:wn.r*a.c:L thhat f q

SOoMe NMbacrs

%k
are irrational |

-
1|‘f‘:-,i.1._'-:lr.:l-.'|.. fiikmbers are Lhuose

thaoat can't B Wwrittem as al
et Lo ok L 'r_-;-_.-il_l"ﬁ (ﬂ-.ﬁ. P"“L-

Did. Ye Lire D atl the infinite fractions in the uﬂr‘tc{j ST -
E,DF*LPur“E_ eaCh 10 o Rumber re thﬂmah.t wa s Lr"Fm."c.LGnaL?

o

He couldn't have. He'd hove to have That method of
checked all infinite Fractions in the proot would ke
LJ':III'"“L(L betore LT‘LELLT"'LH.?} none 0f thoem wvas LI"IF.!J.S-S'L:EF#.E.

nis QUi E

At il
Tnigtead ma?ﬂmi-&:{a
- iy t .- t : 4 ':..‘ﬂﬁ- &!?u_.'

W Se Proo-c by con l"ﬂ-._tl.t.._!i.l..é




13 the Square root of two

';_r"f‘ﬂuh'l._ﬂnca_l.?

F‘_LF‘S‘t Let'sg CLF‘.C.LG.'I’"E_. t ot JQ L.;.q,q_ﬁ-'t,'a
(LL-]'IE_ %‘FI.GLLL':L be E-;K..Plln-k.ﬂ-l._t abouwt thie rules we're c:lﬁl.,r‘n.{a 'I:.l.jj

et's assume, for the Thien thiere muost Let's uSe a p and q
DWrDO%e o+ EDI’\.’C_I"G-.CLLEJLLDFL,: LRXLSC ol 'PI"'-?:-C."I:.'L.'DTL thoat I'h_n ¥ve mo
that J2d s rational, P that equals J2, common factors (so
(It"a not ) Lt T g that P (g ‘%mel.'v@"m,at}u.‘j
" aq

Tlow we'ltl show thie contradiction: even thﬂl..l.::]h we Chose P
:::.ru.{ q to shiare Mo CcOMmmMmon -’Ea.c.tf:ir"a ‘f.”n.z.t.j u.Luu.:.ja t.ﬁ.c.i_ u..L'F
Ehu,r“n..ﬂ.c‘:!l o. *actor of two, :

Let's prove q s divisible by two.

Since P LS eveTy (e an
W o ag TR

\,itdhn_ W v5 qowre nk.,ﬁ
\Eiuﬂ




F, ﬂ'_xﬁt:l' q SThLare

L

faoctor of 4 O,
ontradiction!

#
Remember, we choSe o P
and. q that %ht::..r‘t..cL nO

common Sactors,

Buct all
tihie
EL'ILE..F-’-E e
toow

e re

COrnect

So thie 'F‘Lm.t.;} mu-St be iLn
S r :::_E'E:mrﬂ.Fn-L'.._-.‘Jnj -::-.'I'Ld__ thhee
onty t‘r*..'u.n?} we a§Sumed
wag thiat J2 s rational,

5.':".} J:.."_ Ef-‘!nr"ul"t be T"-::-..'L}._D:"\.-lll_.




%L.LJE. CLC) 'Lr‘T“Ck_'E.'\,C}rLc:..L

numbers n_{:.-hLLc:..LL% E.-x'LS-t?

ol Fr"i.Lﬂ-r:L Once ’LDL:L me that erutLunuL
numbers don't exist in the real wvorld,

What ao™ | "I ) dres o “Then the
3.
‘E:‘.t.i_d_+ HOJ? COuwrsSe trilarng e r..-._}LJﬁ'.,h hL_ﬁIP'D‘hLT"LLLE}E'_ I\"Lt:l..ﬂ
Sides oFf "-.L.n.at"h. T Lt.n.:ﬂt"h. Jo. That's

i_r"l"tl'!‘.l_ﬂnuj._”

B 1 it
LA..JILLL_J =.f*..I::1,1r s¥vre r“'n:..F.Li_:_:l“ I-‘? Yo arow that Lt.n_ath i e 1"’E._-‘1"-L
:...‘*-'I.':r"LcL} that Line Stops somewere, [F YO =Q0m. LN close e..n.t:u.n._%._'p,'-'_l_,_

and OSe o ruler, lﬁnu_iL'L See that the ék'é_i:,ifﬁg.?l; &_L%L_-hﬁ of thiatae
Lengtin don t Q0 On Yorever, :

— ey

IHE‘JLI‘L that side of Lr_.ncﬂt'h. 1L You. drew i;S'h’{ exactly L;..-ﬁ.%t;’tt 1,

Thre Frﬂhﬂ.hi.l.-i_'ttﬁ Lthat L#..n:ath LS q_.:-h:.r:."t.Ls.j l_ﬂﬂﬂﬁﬂ@ﬂﬂ_} as Yyouw :::-.::-L::L
b+ |

on infinike Os ofter the decimal potnt, diminishes to O percent,

. o -
——



Like a Lot u-iF"c:::;a.—L%E-'La
Shie's 1"‘1,3‘3"1.."-‘._ CONCepEs, i,'l"L‘Fi,'l"-i.'i:.EL decimalsg
| exXiSt Fg.r-'Fe;r.thj t:.n.l.xj i our

So why bother with all
of thiis stuff £ & all

GI‘LL\j LXLSts inm ouwr "I"\.tm-:.lﬂ?

.“LL_J'L-LL_} ‘-‘-’!h-‘:{n cLﬂ e HI‘UE not &Lﬂﬁ.tﬂ‘i.
do philosophy?" weeful, And s

UL S 'Sﬂl""ltf.-":.l..f‘-'l.b‘ﬁa .
—— ~~ ridiculougtt

it forces
You 1o View
"Lhir‘ua‘?:. from o
i_d;i'FFLr‘LFL"L
FI‘.-I‘"'EFP_L‘L'\_VF_} cl.]"'l..r_'l_

et o '{:u..LLg_p e

you.r
‘= Ssumptions,!

And that's exactly what makes
‘analysis €0 cool, Tt's an entirely
- different vay of thinking,

W e —

-~
p'h--:- g &
% ."L e
=t




Hc}m CLGE’_,'% Prﬂvl_nca Ll"‘l’"‘l"(.Lﬂﬁ.CLLL'tkj

relate 1o anal '%'-..‘EL?

S0 what does proving that irrationael numbsers wxist have to
cj._i.‘.i with real analusis — the buwiltdin ak l.'.::n..lLC..u-Ll-.LS?
9 3

Thre purpose Q- Ff'l:'v’i_n.ﬁ that irrational Nnumbers exist s to
shoow theat there are 113&1:1&" it thee rational bLine of numyers

Truis qexp 1S SoOmMmewfiat SwrpriSing, Since it Seems thoaot
rationals are densely P-:L:'In..-.fi_ That s, between every two
rationaol Numbers, 4o Can 'FLTL::L andtNeer rational Number
(E‘_ﬂi"'-ﬂi.-il.-'r" thie number {/ +q_~)x:._a'. that exists between rationals
P and q‘_") SD,} given thaoat ratiOnoaly are S0 dqt.ﬂ-ﬂe_j Lk's
SLLPP#LEL:-LE theat Lwe -Fﬂu.n.:l_ o st thie Eqm-:-.re, ract ok +tWwo,

4
2ets thhot don t hHave uar:.p%
: | . :
(or complete' sets), such =§

th.:_ r"g__-;:a._ll._ 'l.i_r'l..,"_..' CLE gLEL‘PI..LL ‘{:'l:lr'

It‘*?. ot nrw.l.x_j 5uu..r~1:+.r*i.«'.?ti..rwnu:‘:j_1
ket also somewnat '
tncomvenient thhat

et iOnalsd h_,u.,‘u"p. ﬁnp"ﬁ

*
'u:un-.JLi.l--:lln'.r'maI wp caleculos,

*Fm" example, we krow that Limits are o foundotional {:ﬂnc.Lpt
inn calewluwg But a Sequence m'a.a'h.t not hMove a Limit in an
i.nc.ﬂﬂ‘i.plt.t#_ set. For LK&TTLFL-E_:' consider the Sequence 0f rational
numbers that slowly approaches piz 3, 3.1, 318, and <0 on, Tt
witl have no Limit in the rationals (\:E‘.l'..ﬂ-\-’-ﬂi'_ its Lumit LS F'\.*}.



I«L)\’Ltj ‘-1_3&,% &naL%SLS -@ELLL e

anrelated to calculus?

But \‘LLStGr*'L{:,c.LLij analysis
(o T T de_xfuitjpm..c].'\_ 'Fr“ﬂm, "f."ﬁ_e,-_ ‘LDP
d._":'l-[..n_.'l'l""n_ — Stnr‘-hi,r'ua 'Ff"ﬂlrn.
calcuwtlusg ::._I“LL:L {ﬂﬂi_n.?j ::LEJLur-..
tovards the basic axioms,

HT‘L&LLﬂSl‘-‘E LS FI"‘LSL“"LLCL 'Pl"“:!IT'I“L
thie bottom LLP — Etur‘tir\,ﬁ
'FI"":ITT'L basSic axioms ﬂ._I"L(_L
‘nuLLLd\i.,n.a towards EQLLU-Lqui

1
SO this 1S vy yow LL start analysis and leann about t"l'h.i.n.%'; i
] 1

Like irrationality and ; C?-.F‘E‘ and be thinking: vhat the "fL'i-_;.E;-hs-"
does thuis h-_::._‘*-‘v_ o do wit calcwlwsg? Tt Becomes clear n:'-.'n"-.-.j:

later, - -"'

o =
& 7 .-‘f....

v

=

W

-,
& 1

B

And. S0, MNext DJE.!"-L T’E.Cl.hj 't.’t.-,‘% nOt But L‘-‘{"% Ju-8X
next aiscu8s ,'meai'uatatkﬂ clear eMmbrace the
Dr‘*:::lLr"LcL Sets, how Gr“cl_tr‘ti qets Chﬂ-—“‘a.

| help us build up

calculws,

And. yeamt, it 1S
totolly different
thon vhat we
just discussed —
wrationalit




How do we kRnow where to put

numbers on a nwmber IL'LI'"'L-!'-'_?

Tt s wgetul to know theat some Numbers ore bigger thiam athoers,

How mueh
oy HQU\. "
h"‘ hf_.nt;ll"l.._'

1 . i
L.'._'I .': I _1r Ll -E": t_ r‘i. u_ af 1-.|_

T
Ll.]-:_ CL'-'.'H".. £t have b
BUt as of now in mumbers -:...ncL '-‘:.r‘l'Lr.!.L?
I-!'-,

Numbers,

o 'h'n-"-t."ut:i-‘i-f"-'?_,_""'P nokmbher f"u'ﬁ"f"-t [ pita g

ok LE‘.ILI'.'_.LRII.-I_'I-_"T-__] s
Ii'Ll.‘.L_""\-l'l;_.ﬁ"u."J'L "'-fﬁ"'t
iRtroduced any
COncept of some
Rlcmisers EL.,,:"';,EI
1:;"._% e than
Ot Tiers,

Le S0y thot D s 1h".*':]-_':|li1‘1 thonm 3 'f.".rr-‘-..ll.'-j pelouse F-?.E.‘*PL;_ +rom o 'L-:'.lr:_.;_]l

& I & &
Liimie g0 "?.tf.:l._-..l.'.g.,_ SO | hots how Ji.'I'LF'_'I..I_II L{_u_-:.'_'-._c!__u;-_;'_l_ Lo prder B ':l...ﬂr_'l',_
bt

know which numbers are 'bt'ﬁ':}i'.r"p-

(h r-.-i-_.i-_,cl_ Lo i':]._r;'Fl,qu_ ‘1'...'|“|.1'_. ohd.er "I:.III"LL.L_n aQl

= e

- . ; ;
L_":_"-'.!"r; Soey thoet o proper woly to order numbers S Sufy ey gue

that ot you compare two O+ ':.'I'Ln'..r-‘-u.,,L One 18 equal to, bilgger Jf..'l"L-.:-.rt._I or
& b = 1 et L i .
1..!'..-':.:."-‘.';5'_1"' T_I|"|_-r.i“.'"|.. 'L'Ii"l..t_- E}'L"’LLI"_ rtl'ﬂfi'_ P"""':."."'E:t"l‘l':l*-. Witrem l;'_ejfn,F.-:._r"'-,_l"l..-,j :"-_LLTTLL-,L,T‘-';

L] 1] ™ '
::.-.,ﬁ,u.'l_ | 0 i ERT T Gf'-:L],_E,I‘E.:'.L ) % S ,_,;:.r_.._:'_-l-_L.,ﬂ Qree 0% tine '*L"-'.'."-LLJ#-‘-'»,F"-% B0 ¥ 0T o I'I"L':*L-:L:

®Eaor crample, o Ili::l"-‘-lli:u-rh Gl'-:!l.s_r‘-..ﬂ-a for the set i?-..ﬁi cxa be that 3 cgug sy S f_x.'t.l"i
not the ordering that most mathematicians g0 by, but Lt does satigdy our
-L;L;-_'F._n-,_-l;,.,_ﬂr-. ad o Pr":}'i_::..-_.r :]r:],.;-_r-._i"-_ﬂ":.‘

But an order ceza’dt be that 3 s both 31‘#_::.’:_:_1- thoan and Llegs than 5, Aed, Lt
caa’t be theat 3 hoet ao relatiton t0 9, 4 thede Llogt boo were ﬂl"-ﬂ_u,r'.,ﬂ--aﬂﬂ vk would
be LMPGQSL':;L:- Lo angwer the QLS LALON which s 'h'-..-aﬂti‘: 2 o "'r?



P'LP%-'L,: what Lﬁﬂ-f.‘tll.lﬂ d0o | mean by order® | mean that rji._x-'hr"n. +t WO

l"‘u.LLII'!"l.th"S_} the order should tell ws which nambepr is éd;ﬂ:;sp_

F":IT" LEC’“NF'ILF"‘} we Coaure o Sk .

How shouwld we order the set il.,lﬁ?,?

Lde could Srder vt like: , we could order wt Llike:
IR L PSRN 3

L™

5 ]
(This ¢§ o prﬂpbrl ﬂriannaj accordin
to owr defimition, 1t 18 just not the
one that most mathematicians Lh‘it_-:ﬁ

Tlow for a tumahu_.r Dr‘d_aﬁlrua PFGE\.LM*
How showld we order the rationals?

if"'-"'.iti’.ﬂrti.:, lLE*-l'i SOy our Dr‘r;L{'.f'"-.,rmﬂ S
Thic that the rational s s bigqer than
ordering The puwrpose r ohen s—r s positiuve™,
l{'_-:.:-.r-..lt jest of DP(LF-"'Ln‘ﬂ
say that 8 Lo deflene
+the It:l'“':fl‘atr the L-}'Df‘f.L
niumber U8 *h'\.-‘jaﬂ.l".'

hu‘j%-:.h

*‘SGLL!'LI:LE ?]G-E--:L r"'l,a"ﬁ_t? ELL‘L e "rﬁ,uhw..an.lt ia'ﬁtﬁ_n@,i FGE'L-LL'-.H.-_ 'T"LDL.._]_? L youwr head
youw m'u::'h-}_ be -i-_hln.h.x_rtﬂ thiat 'd.-_l's". obriows how Lo n:L?_"FLr"-.r_ PQEIL"LLUL: o nuwmber LS
positive whien t's bigger thean wero, RBut -L'h,:.f't.r ouwr defimition of pofitirve
relies on .ﬁi;JﬁP f;:*u-i‘r.‘-ﬁ:lkﬁ meoanid o nuwmber 8 éﬁJJdF than =0 arnd owr
definition of édJJEP relies on pofctive f-l mumber S .ﬁ-éJJEP than another

when §8=r 8§ pofctirea)), S0 for TR ML drust e ol mrow the difference
betwueen o F':"E"-.."E.-i."-.-"!.- acrvd. ne,:athw.. number, But we will ‘;QF‘F\.D-LL% tLJ:*_'F'-.I'-E, what

FGSL."LLUL- n::..ﬁ.d_ ﬁé_an._'t.i_vt. T O, M 'Lr:-.te.r_

On., Tlow ve wnow how to order sets, S0, we can -Fi.amr‘e. owt

which numbers are h't_%aé_r‘ than D-l:."n.z..ri;_



D0oe s every set MNave a

biaqest number?

EE“LGLL%E"L G‘F 1 L_,,:-_tllh'f-_', tEAL'R

Smaeller ilT‘LI:.':L é{;Jﬂ:}ﬂP‘ @’mag,f,{-ﬂ.@ﬁ ﬂ_f'-._cl_ .ﬁ.g,ﬁ:?

Condider the set contal LML nuwmbers ('LL.*.*;\ say '\“Lukjll“e, all
P-FSL'tL‘H'L \.I'L‘t?_ﬂﬂ_r"%} TLPrtﬂLntLﬂ{ﬂ how cool eVery F.u_.rqﬂr-..'i mOmu (S,

L giﬂl _._,.I_'.'_

”}

The 'b't.?}ae,f‘ e I."‘n.l-.ll.I‘T‘L'i:nt..r‘,;I
the cooler the mom,

That set doed have o 'b"-..qnah?_'?rlt number -

the coolness of MY mOom,

x ﬂ1 i'r'l. 1;!—-:- :E' 4

L S




But do YO Lo ik sard set ok Ltems has a
‘.:.'uﬁc‘:la‘it A bert

sets with +inite Bt I"”'mD‘?J.LrLE“ a world with
Lﬂ'PLT"'-L"t.E'_ mLOmLS eaxch. mom
cooler than the last,
(Thut Sy their coolnesses
meake wp the set

Elaﬁ_ A ‘52 and SO on 1

SL‘-«FL_;
elements (Li._‘sa_#.. oW mom—
coolmess set) contains a

E'l..naae."st M ber,

H.: ] ﬂ..S"FLL-CL \jDu.. Lo Pr"ﬂ‘ub L-._:lhiﬂ_} L*..J"L'-‘Lt LJG'-.LL-i u._iﬂu. ‘E';D...L;j?
LLJI'_.LL_} whenever oo mom of coolneds x 8§ in the Set, SO toO S
the mom with coolness ;.::.-I-:L_:_ S0 X Connot he the hi.%* est
Aumber i the set, That holds for every sx_n.aLe_. X Al the set.

L




: |
SG-;. SOmLe Sets r_:'.LDrLt have

O, E.'Llﬁ'ﬂkt%t M ber,

E'\,% uhﬂﬂp, £ Auwmbers Can

tﬂtt a.s .Iﬂ.'l._% AsS You unn.-t..} then

Sawre th.e.,r‘a_ S nO h"ﬁﬂi?‘t
awmber W the set,

SE},} let’s make this

mOre Lﬁte,r‘e.’itl.ﬁfj...

But first, o note,




i‘-&ﬁ.llt l_‘E"L'P'LT‘L'Likj the E‘L%CJE.%{.
clement N the set il_}Q,}Sg?

J..L.I!”h_.._.-5 'u..S'nllt 'urLF"..T"..L-'t.Lj e Lul'i?..lLll...} "'..ﬁ.-".""..r‘l-'s.ttj 's.*':in.l“:. (o G g ® 'Lntafig|“_
3 " . l L

E‘-ﬁﬁtﬂait clement it the set S0 it cant be \n the set of

o+ poSitive ntegers il_}ﬂ__"}___g? _G‘E'L*ﬁ.'u.ve integers at all,

|
roembers L ~'t,"r‘|;_+'-.. qet cjp_t o_f I"-”‘t-"~.-:ﬂh a8 Yyouw \:L Likne 'tilt"LlL.lT"L O L—:le't‘

3 k & -
But they dont end - at RFinity or anywhere elSe,




HDL.:- cLG kﬂﬂu. Prﬂve,

'x.ﬁ.-P'n..n'Lttj 'x.'%n.‘t o.M 'x_rtte_:ae_r‘?

SLLI"‘t.—.: 'h.nFU"'-Lt-ﬂ seems Like an wntil we take a closer
'uﬁt&:ﬂtl‘ a.t 'FL!""EJC._" L':il'}h., U-.I'LC.LF.I"' e &'LSaL.\.'LEE_

o

S50 'LL’C.'E pPlrove that 'LTL'F'J..FL'L-Liﬁ "1.51'\.!*. (&2 5, 'n.,'i"l-‘*_.e.:ﬂt.l‘.

F'&,r‘%‘t.} 'Lr_.t".‘s ﬂ-’??i.,::.'a,c:.\-l.u_.} cLe,‘F'LI'Le, "LT"L'F'LTL'L-E,L:L Oﬂ.e, {J.._-:ar:—,e,m.'hl.v_. r;l_e,‘F'a,rL'\_th.‘nn
Lor '-.._ﬁ'ic'u__]:"-.'-.,_-"c,'._j S Ahat '-.._"'t..l'i "h."._sataiz_'f" "t.lll"l,'-‘.x.ﬂ. any E"r_.ﬁi"l.e_..l" ".._n-"ﬂ.i;(ﬂﬂ,l"_




So let's Su.ppose (for the purposes of contradiction)
"t-h.ﬂ-t "-.r‘-'F'\.r‘-'l.'tl:i e o.n L'I"L‘hﬂ,:a&.i"_

T"'I"Lr.-l"*-.,.l_r what 18 LTL'F'-..T"-'L‘E-‘:'] s l?

TMote that 'LFK‘FI.T‘LL'Uj + 1 must be an 'Lﬁtr.:jr;r‘., SunCe a.m
't.r'-nt:zc_:,e.f* ptuh"i o i »..ﬂ.te.cae,r‘ shiould a..q_u.nlll. = 8 o 'Lr‘-t&%i’_r,

1€ you say I* yow say £ you souy

"Lr‘lh 'E..I'._r'lh W ‘Itl_j -'r-' 1 — 1.1"1..4.-:'._';"'.. i tl'j..- - -._r"'-..‘II!-I W t"-j '1"' l ? 'l..|-'|.4li'k-l|‘_n.l._tk.j = 'a_f"-.+ .I.T"l...'-., J':.‘-j 1" l l-"":. I__["'I-..J: '-..,1‘"-..'&, t".j Faw

,_"-L’h,q,‘n._! L-_rhq.,ﬂf YOou | ::_ht‘.? ihna.:.ﬂntrmicti s R jast
subtract u'LFLn.'».,t_a.d from the ‘act i “'-"Fv gLl Adding one ol
both Sidies, you aet --'.'-'LFLn'u.txj wen§ E-LLPPﬂ%td.. 0 e -y

0=1. Thet AR "_E?_ht. Lﬂ-l"'tii‘.'l'" thian everd _g"fﬁ"i.l-.mi?m'-' $ﬂ‘1_m_;_ll.cl. make
41 oy . otk 1.*':. éd—JJur‘-.‘ not sSmal

'SD 'LTL'EEL'I"L‘IL-LLj + | ':;-::_n.llt be Lq"._.LD.L tO 'L,FL'F'\_TL'J.,,-L%,} t:.ll"e.u,te,f" "Lhm.ﬁ_.
'-,_Tl'FLr'L-'._‘t!.ﬁ‘} or less thaoan 'u_T'"-,'I*"n._'I'L'LJ!-_Lj_ So ';,TL‘F'LI'L'L._*L'.:} miwst ot bhe
Qur Lﬁ.tauﬂe.r' at all




Does every wpper bounded Set

S
S

Rave oo ‘t:ht.%cae.%t element

il ﬂf-""f- a. Uittle sidetracked by these 'u.FLFLF‘L'I..i-.j Sl‘l"l.#..ru:t,.ﬂ-'x.:ﬁm.ﬁ%_
Lt‘t"i rewind.

| wals sacdin that sometimes sets
are unbounded {;'L'h"“- $1.2.3..3),
D..ﬂ.::L therefore have no
‘n'x.%c‘t%’f. element,

LJE..LL_} 'F".._T"I--P__ But wnat -L'F
Ehe set 1S bGLanLE.CL?

That Vs, wwhat "-._'F every number W the set w8 less than or
% W |16
L-':ll_\.l.u..L L0 20me I._LPPL.T' bﬂ_l'.l.'l"'\.ﬂi_ We i:_::..LL :.:..LF.I“_;__Q L

Then the set hasgs to have o h'ua:ﬁr*_%i LLLIT‘L-P.'I'"L‘L.: r"'t.cjﬁt‘n.t?

Oci.dll_j e,ﬂDL.L?!’h.,} no, Tow vould think that becauvwse the clements
of the set are wpper hﬂu.nﬁlr.i_} there RHas Lo be a 'I:'Ltih}la{-'_‘:-it
LLer-Lar\."L_ But . comnsider the set iﬂ,q : Dﬁ‘:‘l_ quq‘%_

09 IP-Q"{ {1!;"'1""1"1,.-..{ ,

The elememts v e 'set are all uLFaPL.#"'beLA,ﬂCLQ_.i bl._ﬁ 1.} but
L8 N0 bigqest clement,




F‘.n.:i 'III\..'L LV ?FGVL thet the set hasg no "u'n..:‘:!aaﬂt t..L:..m.r;n.t,

Tell me o number i the set that
'il_j':'l-'l..l-. -.:.Lc::u.'-.,rﬁ.. wvs "]-'.-hit.- E’Lrﬁai“_?t..-

wand 1L add a 9 to the end,

~:u..n,c1_ COm.e '...LP L-.J'u.*‘r.h o.M evVen ‘h'm.:‘a_ﬂv.r"
S ramber W the set,

T"FLLI“E.‘FDFL.? o.ny number that You claimed 18 the E'l-..tﬁt‘j?,%t Cannot be,
So we can aqree thaot the set has no E'Lrﬂﬂﬁ.‘ii number,




whﬂuti% the most .LmPﬂf‘tf:L't-
PPt bound oFf o set?

What's the upper bound of our set $0.9. 0,99, 0.999..3%
x4 s — el = + %

But 1 Snt the EF-L*-&,
t.LII»'J'FIILr' bD_‘l.-'-ﬁ.f.L ok "hh_::l"t 'E,_d_?_'l:._

: and 1 billion are all




T}‘L"-""-j are "'LF'PL[H 'b,;‘_'-;u,‘_r-h.ﬂ‘a bi-'_.-r._'-_—'-"-'...'n_':.'_-.f'_, -Lllrl‘-"_,..l._j a.re -".._'l._II_L r‘-..u_fft.'l:nﬂ...r‘a 'i;u,'.,_;ih}laf.r

t1'l‘L,-.:=.r“.. L-w_.f'tj nAMmber cwh "L'h_n:.. “':E.E‘.*n_

Ut
—

But some of those Upper bounds Seem SOrt
ok useless and redundant, Like 1 billion
r

o TN : - :
S0 let's detine the e DB AN (th_u_,'h, ool SenfSe, LS the
to be the Leasi wpper bouwnd.

=

FE}T‘ LK:J-.F'LFLL,’ "-‘.'h.-t..- ﬁ;LFrgrn_u..rr\_ of 'Lh_t.. St ED_qu_quD_c}qﬁu_g & l_
Fﬁ'l._thnu. 1i“1. LI I‘.:-::.n.lt kow +or 5'-'-1"1.-_’ beCawse we h'ﬂ-"'.-'i'.-l-"k. T Fsr‘DvL.dL 'u."l'._, *.j;'_’c._
Just take oy word. for i for now,
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Set CcoOntacin. ts %LLPT"E.WLLLTFL?

DDE,% !'..-"-.-'i!._-T"*:']
'-.LPPr_.r-'hﬂl.LnELE.d,
set Agre a
EI.LPr*e,m'LM‘FL'?

Dll:'!e,% at.uq..|"'-.j
LLF-PLT"'E':“*W’ZLF'-CL
Set contaen ES

f.:,u.LPr'a rﬁ..-LL'I'“L?

8

F(}_r g_.:-:g_n"LPLE___I the_ ae T ii}ﬂj '::':1":1_1 l':]::'|cfﬂ|_”:% .'“it-;z,{.’ 2 '?i,uP-r'ir_an\_Ler\_ D-‘? :L,} but
never actuolly rezetes 1 in the get, and therefore doesnt contain 1F

TYou might say the set does contain 1, since the set q0es on forever, and
D"’:i‘:l':} fLPLﬂ_iynlﬂ Lorcver e..l:.q'_l._;l..c:..ILE T ELL"L whnile the numbers v Lthe et 31*_

n.,l"'l::n,tf‘u.r"u.'l.-._!, clofe LO fr":‘_qqq r‘LF-L.c:..tLTLa "E"ﬂl'*l.‘vr..f".ﬂ (a'qu 11]_* ‘Lht.-\i never do regchr i,



uhu.tl% the most "Lm"jﬂrtq_rxt
Lower hGLLn_cL o€ a. %at?

I just S?Lh.t the last few comics
bu..;.‘l.cl.‘u.ruj wp to the concept of a.

-S'm'pp-r:.mmm =

the most tmportant appen bourd. .

}I‘LL S?nf‘t Yo +.1h.ﬂ.. Ei._f'ﬂ..mﬂ..ti.c. hu-LlLdn.LP
‘!_:-"ﬁ.--'-.ﬂ '*:-"-..I"""I.t.-,,:I {Lr‘xrj‘ tell You that -::.'L'I,
the same stuff applies to the
enflemam -

'l:.]h..r.. mOost LI"‘LPGFtﬂ.ﬁt Low epr 'DGU-er*




ﬁﬁv_é .E'.w_r‘kj {ﬁwar;bﬂmﬁc{ti

Bt cOntain . ta Ll"L‘Q'LmU-rT*L?

i L A .
20 moybe | won t cgm.lp,ﬁc.-&:.,{#br Spare you,

D"C‘:gﬁ -t."b.l'l'..-'l'"‘lj
Lower—hownc LI:L

set Aare an
'l._!‘LJ!-"m,r‘-‘Lmr‘fL?

LDoes ever
L%L-.‘ai;..l“'b"-'lu-t'“iﬂ.‘-{.

set contain
ts antiumum’e

For EHCI._TT‘L'PLF__J the set i'ﬂ_l_

-

but dioegn't contaen d o the set

001, 0001, 3 Aas an cnfimam of O,

-

Pﬁll,r"n._L h".‘. Tlll"-._t‘::.tl'?.-. -:.‘:..'-l., 'Llln__r_. repetitveness
3Nt :




L,tht‘a the PGLT‘L"L oL
Lormal detinitions?

l.aJa prmr'».au.shﬂ = - | "Lh.::u"h:

The LF"-FLFLLLM w8 the

The ‘?.-.LLPI"‘E‘_I"'LU-I"‘L S the
\:Lqﬂiﬂtﬂt Lower 'I:-.Du..r'u..:L_

| a-
amallest LLFPL.F bgu:n&_ E!"—.n":l-

Yo
-

-F.,

Arn LLEPL.P bonimd ol igam ‘Sk A \lover bound L of set ~€‘ L8

§ called a "3"-‘"?"“*"-""‘-‘-"-""'- of § o | I called an i imuwm of S F
for alLl wpper bownds b of S, e for altl lower bounds b of B
o Sobamm L

Thi.{:!' hﬁh'iﬂ.'unla? LJJE". Coan l'.l._t“F".,r}F. o "a'--\-PF"E'.r"‘LLLﬂ"L WS o hu_nc_h ok
math wdrds and symbols? Well, isn't that wonderful,

-




SO l..:l.'t"l,u_t"‘i; the pount of

thue Lormal 'it'g'knu.txﬂﬁ? Some Limes, there 8 no
P'-"."H._f"q.l'. {ju..%'l{. r‘n.ﬂ__th Fi‘.ﬂ?hi
u.'i'l.,n.-a the weiurd Lc:.r*h%’!.l-.‘)u, 2

But sometimes, formol
'E'LE.‘F'LI"‘H.t't.l?T‘\.‘E COme e

'Lhi'_' !‘u'li"_ r.:,Lm-:u._ R ¥ L
- < 'Ir-,_.;;_.x{bﬁ -:L'-Lr"-hrma prI::z::J?r;h

Ff.'.ir n;.:ut.~:m“ﬂ|.|F-'L-*...r Sy ) uﬂntr.d, O | : :
COMVince Someons theat the LJhat i€ thiat someone nsisted

infimum of §.1,/01/001T3EH0; the Loabmdmeis .00 do
] N :

Y ow k
modoire e \k‘
slicerdicer?

1~:L never CONMVANCe them Ut Ly EH"L'L-.‘E reccson for L-.ﬂ"L.L;J'!I QO s ':".T'L-L- qu’i‘.ﬂ-."‘-i'.:it
\ 1 r Jn
Llower bownd S: HU""L'IFL,..'L"L 2 {Le-,Jrq._r\.'u, :r.i'..-l.tﬂl a. Lowor b::h.a.rhui C}._!'Ll;'_‘i._ o A :_L.:r_-l-'.._n. m.'i'.t..LL_-!.‘
"th..- \::'-._%ﬂe_'?:‘t. Orue, believe L,

T.'h.n-.':.l‘i e
Like, ng.r'
Qe 8 MRS,

In order to c;ﬁﬁmm.f.ﬁyﬂ c

controadictio .,




How Ccan we prove

%'DTI'LE,‘L\'LLFL T T 1 O .0 'h.TL'F'LT"LkL[""L?

i___p_-k,'-g 'Fr"'t'_'rw,urt__ O L8 -+_'h_+_. rﬂfi‘_ﬂ..tr;':'i.t Lower hDu.r'-...{i o+ ‘\‘-h.-b aet ED.l-, I:::”.(:V]--.. t:l.""'l{__,]‘]__g_

F'x.r"*?a"c..: ILLJ‘-‘..!"-"'; Pf‘ﬂuv_.
+_1"|_,ﬂ..t Q s a Llower
'hf.'nLLrLci__

—

: o Let's agglme thiet there wae a number strictly
Fimnallu let's rOve biager than O (c,nL'L Lt -::.tt:.hu."} that was the
=7 P o |
that O 8 thr_.. acteal t:jl"li‘_'-'..‘l...'tl?_."i't. Lover bownd.,

Jﬁﬁﬂﬁ:‘nﬁ"ﬁ lLChJLI"‘
bourd

L_F_"Ll*?.-. do so by
comtroidict i on,

1; (3 T":_.f_.'tL-i:l.C.i_. 'ILI'I"Ll.. ta mogt

5L T\-'l,'Fi_Cu..r‘Lt dlull.,_t'-}, o4 ':'-"—Fh-:‘- L..._h,_th
NOT M i tl"‘J.T"n-l'.:_-'ltE. -*..w..l"'.j*'."f‘l..'n.,r"'-% aftter
'Llh._-'.‘.l“lf."_'th.;_.n e et an clement yn
the sct that s .:Lr_-ﬁ-.,,n.,_%,.;_.k_-ﬂ smaller

thion -.::."-FI'I‘L-:&.‘

50 ::I-..LF-}'L::._ L‘_n._r'l..lt be oo lowver k;l.‘_:-u.f"-.,:;l_
o+ JI;'.I'I"LLr Set fhl..l".t‘.‘l-.’l.-‘-.‘?ue. ] = -Fuu.r-.u:t_
'E.Drrw_-thk.n.j Wnothe set smallde
than wtd)..

Tlh."—"-!‘:".? Q" muwst be «'L'h,r__ ;;-,!rﬁ-_.;.ht_;.,r.;t
L':lt-}.'_.!" b':}l-_.f..l"LCL‘




What's the point of
-Eﬂrm.s:n.t Pr*ﬁf}-‘?% L.-_J."-‘!.,Lﬁ- e \'LG-VL

tntuition?

Owr wntwition vould tetl wsg And. it would be ri a Lt
thaet the reackest lower
bownd of $0.1 001 0001 .2

- L

El M, R + QUL g + wntuctiion Caun L'_L 2 A 'II'L o Ak O £ an oYM 9 + e ‘a g o
1 ] L X o B (e
rhen whats the point o £ Lormal detinitions ord proo £a¥

Y R T
, .

N
-\ '.*_{-_th

|

Well, 2 migh¥ he e fut DesSpite ditferent

I'P m,D._-Llﬁ'LL.m,r::._tL:‘,'t_u.r-.."-:. e LMTUWiE oS, We want

Worked with came u SRR Jl'.h. ConSiStent resulis.

e Socmie res alts we & ui,




T"LGL.-.:I_: -‘?ur a.n cyvern more L‘I‘L«::..LLr..n..:j'x,TLﬁ PFGG-‘?_

Sﬂ-\j set A |8 oy et o real numbors with o lower bﬂu-.n.:i
xml.j set —A s the set of the n.e.na-rltuu." of those numbers,

L_t'."-'. Pf"‘-‘.wn. \.ﬁ"?{ T“I--'il.t.?t AN

'F'Lr"'atj let's consider an example,

T‘l{‘ll.;" ll_s__.'l'._‘-'i, -{_Ll'F h."t.
Then -A%4-1,-2,-3.
And. 30 —sup(~A) _(_11)

+the eq o tion cheewse out, ot least for £hois P::-.F-LLLU.L&.P et J:[_

ﬂﬂu.:_’ Lt-t!‘:- Pf‘ﬂvb the L-':IL'-L'CK.LL"JH holds *or vy Set ever,

Lde, Ll do so wn rtwe '-'k;.nr._.P-.'::. 2

— — B e e B e

- =i = = T . & = L [ + ™ :. '
il ;L"m1*.:=’-l::ﬁ-'-—*'-=llﬁ'mh’_-=lr-fhr_&—'-d o S et



. bt = 0 ) - - s T
e WLk prove AP ( 7 S =supl=A)
} } . A )

g . L meawve R - AN = L = T
el D, W ‘3.'“' AN S T B 1 o L LW Iw"f =Y,
1 |l j

o 't_. Ir-.,L - -Ll Ty G .El t = 3 O = ™ L l- = “ 3 : A ‘_J :'__5._ :"‘_. [_.- -~ -__| |I N

=,

\
rtqi'""-l-}... by the
Le wnow A Foas an intim TH LT Ui S
gunce 1ts bounded below

El.l.t wess u..'-hn."’f.? Tlli‘l._.r... :._.ll.:-_.rnh':p.tﬂ,-'!:_l
1:1_“ cowld  be = ST clement '_u..lT.'_-'-

L_e,‘li_ﬁ‘i #LLP "I'.Ill"l_.n.. 1._T".,-(.qh1..."-.-.:l.1.'l._"’c..%_|l
n‘\.Lkll."Ll.FaLn.j'-hF»% bt sides Eﬂﬂ -1

L
ol

'II'|__

Z =g,

el ™
W

RO Sunce —'erJ-?('.f—*i‘} 8§ an appep boupd of -A..,
Skt has 10 be 'b;.'u._ari#_r than the Legod ‘o pe, bownd

- T JE(.-‘—T} z ':_-;LLP{J"'I..- '“J

. i o
L I. W .y




E'LLF J: Prove that '-....T'LJ;{:H“} = "EE.U-P(".I'QI}.

And by the detinition of

Lde wnow —A has a ' Sk pre m b 2
i : = e e,
Sukpremldim. S.MNCe. vt g

o | ] b i ¥
bownded obove, gl =R) Z = for QLR Al L

LI |
.r':",._l.,_.LL"l'_,]_PLl;Tj-hr\_;:'] b'-'.‘l-'lz.h gl es bL_-:, ._1: a. L'.'-'."'L.I'-.Ili.ﬂ. b e L.ILL.r'r'Le_r"L-t 1.,

A.

5 s N _
! L_E‘..tllﬁ i ‘t}"l..l.- "-_l'"-r..rqh'-.i-ﬂ-l-'l.,‘lf-h‘j,., _ __E:gn_l.._t WEss whast Th-‘.‘ E...ll..t_._ﬂ‘:_.t..l"'y".'j; :._E

J.".r.'
s

.""SD E"Ln[:rr_. r-f;LhFlt;"-llth.‘} 'LE G\_ _.JJMEP .&ﬁﬂﬂi Q-F |'ﬂ1---
la= I'l"l..-::"-%. to be smaller than -'t."I:‘L:_. ﬂff“'d:z_f.ﬂﬁ"ﬁ Lower

=y

-.::".';::_.:;'“""?(_“'*qﬁ} S kA,

F

I Step l_} L P""GUL(L \_ﬁ'?(lq-j
I 'E-J’-'-L-F DL.,:I 73 8 Fr’*ﬂ'\rL-CL L.T'u-fr,q"}

Qince both are tr"u.v.,_, that must mean




What 18 a nuwmber?

£ someOne mmth—SFLa'LnacL mha.t a nuwmber wasgs to me ]ic}L Pﬁﬂhab‘l.qﬁ
want to S{mp them i the face, But os bt turns Du.{_} truﬂ'Ln.a Lo
define o mumber 8 more difficalt than ) thought t wouwld be.

LT 3 %ﬂm;-_"t.h'x,nﬁ that counts temsg? Then what of Ttr?

15 Lt somethNing that measures Them whet od J=17
LLr'-.-a‘LhE?

[
lLet's take a Le odd and ¥ So Let's Say
Step beck, muliiply them, 2 numbers are the
Uyh_,-:h.’c. cLD [ 38 ::L'D -‘l:.h'ur'l.rﬂ% we Coarn

to numbers? : add and

rrLl..J-.L"c.LFLll._l,_”_

_and coertaln
PFGPLP"LLLE ok

addition and
WLL‘-LtLFLLC.n.i'LGn

hold,

5 -




Ld"h.i_::.h PPQPLT""’L'L_LE shouwld \‘LGL&? LJ-_.LL_’ 1t would mean trousle 'L'F
142 didn't equal 2+1, There are oo bunch more trouwslesome
SCenari0s, too,

So, n order to avoid all trouwble, let's estawlish some rules,
i
Lets say...

ot e o e Bl

' Addition should J Prl"""\'-ti-FLLE':"‘tl"Gﬁ I Addition ond
" be cOmmutao tive, F shouwld be nquL-LLFLLr.".ut'LGn
Yo = \uva. Commutative, shouwld vork
oo = \oco tﬂﬂt"thbl" via. the
+ distribwtive
Prapurt%_

_ Addition should ._ ' F‘LLLL‘ELFLLE_G.'LLGT‘L A &
F be a.SS0ciative, : ' should be B =¥,

-

|: '::_"a‘._ Yo '|m‘|!|,l_ i |:-J_;|I_{_IIL_-'| ) i, &9 ':!H:_. (= 'l'_. LV
b f L = .. F i
= E oy o =
|:|._ AL | _jl - - H

L

So let's say o number S G.n'ﬂth'uﬂia that behaves auc.tﬂr'ti'\,rl.a Lo
those rules,




U-)\'Lc:.t v a CGF‘LFLL?‘: n.LLr"'Lbe;.-r‘?

Yes, tNis 18 rees analysis, s0 ve von't usually deal with

aﬂmFJﬁf r'u.u-.'f"‘lu.'i:-nr..l"s.l_r but LLJ(..I‘:":. ?ID ahead u..ﬂ.CL &.P.JFLI"-F. Orve,

The vanitla ey to cl,e_#l_n.#. = Eu._t LL‘L.E &,n Tk oo more
c.ﬂmF'L;..:rc nuwmber 8 Lo Souy 'L"L'..l% whiimsical way, Le.*f-'% sy
the sum of a real ond each E,EMF'LL:-:; number 8§ on
'Lmﬂ._!a'\.nﬂ._f‘kj r"u'n-'-l""l.‘l:rl;-l"‘.._‘ Like atbi, Chrcl,#_re,i Pa'u.,r“,:' Like (-::;_:b.*')_

- =) 1 -
Let's add them Uike: I“?‘ T‘"" fl_":'"""*‘ﬂ _L“*"_“ And instead of the
ek "L:L'F '.ﬂ + BTy ST N LF-'E.'-;'J-I:-L .l..,.:.'hI-.l.} mh‘ﬂ

don't ve so.y!

(ab) + (ed) = (b, c+d)) (ab) * (ed)) = (ac—td,, adtic)




| seem. to have just told yow two different definitions of
complex numbers, which seem to have nothing to do with each
C}‘Lh.t.l", lJe can write them as cither of the -Fﬂ-LLur_.,;r'Ln.,a;

o. + i, where =J=1

(=.b), where L:(Dle

EL\_":._J vh hﬂ.F?LI’\.‘E that the two definitions are Lq'_LLL‘.FELLt.-F‘Lt_

Ftir LKQ.MFLL_} 'L‘F W c-:..Lc_u_Lg_tt | Jqﬁd_ 'L‘F L. C&LEhLLa.‘hP.

e Jtvh..l'..- M’&ﬁLLLﬂ. Hﬂ.l_j_’ e ﬂe_t LB 'th- hJ""L'Lf"LSi.’.‘.ﬂ-L t-]ﬂn._ﬁ_} We.
.;'_1_:—-1 l:l-._T"L-Ii b:{:}_ ra't-"-.LL i'jh'..*- E'-Iu..:—'l {'.I.._I:"-..I‘.L bz'D_

(0,19%(0,1)

(Dxﬂ*lxl,}ﬂxl-‘.—lxﬂ'}

I

L

(-1,0)




What shouold o wuniverse of
numbers look Like?

Some Sets of numbers Seem €0 act more Like a ELLF—EH'F'F"LE,-L_LH"L
1 i
eiverse 'tllr‘L-ln. L':I'l'.lll'\.v..r %?."L“’:‘._ F':'H‘ :'..K'.:LFLFLL___

T\-'LL.- set Ok I"e_.-:l-.ll. rumbers Segems LO Eu..i -l:.1l'!|_-:-..*.|'5. not true +or -L"I'Lt.. set o4
aftt Like L8 OLN wniverse of wMitegers, Fl;'.'rr' I'_,.:':'EZI.MF.LL_} ;_'F YO Alvice
rnambers, Betawse no matter how Yo f the nteqer 1 by the '-..1“'-*.:;«:_':1.1“ ]
1:1»..{.Lr-4--..J Sbtroact, H"q.LL'L-I'..'-.lIJLL.h or divide YO ard u.f-P ot 1/2 which s
two real numbers, you always erd owtside the wniverse oA "l..r"-t\"'_fﬂl"_f":-':‘
wep with a real number,

e

" o .._.._:, :,-I_-.,._-__T'ﬁ_ {i.".".;r\ . "
o ‘."'_"' A -.:1__-:-.- .

Let's call a wniverse of numbers a Aiefd. and let's define t to be
= WY get 0Ff numbers that cdheres to the ‘F'GL'LGM'LR{E] three PFEFLF-L'U_..S,'

When x and 9 oure n the #'a.,t_.ll._t{_} then the field musgt algo contain.

4! a4k A ; . [ ;
.the additive Lhhe acddictive wnoverse (—x0)

S
wdentity (O ard,

Lhe mulbtiplicativve Laverse

(_1.,"'.!-"} GILem ¥ LS nOnseroa.

Xy and xTy

n._r'...r_l, mok LEiphicative

l..-':l.t_l"l."l:.".. ‘t-'-j f_L":l

(O Laswre) § ) i
5 & u? '
r..ﬁ- .n'_",.ﬂ_qﬁq.- l\u-{}f.! rfﬂﬁ-"-ﬁ- '-5"‘:'*9-"]

*So the set §1.323 1§ not (S8R S Fiﬂhﬂ% Se theRit G untegert U3 niok
o, L o) 1 R F ’
0. {"l.,q,.ll.rj.__ll b Cowge j._-r:'._ s JL:‘LLE' ers i_'l_.’:.{__-l{:-_" w8 not o o "E"q.f_ll-'--l.j becawse j R l'3..1|-"|.f.'_
not LN the set, Le L y brCouise O 18 not in set., but ks I'-"..U-Il.tn.ll',lll_'«.-."_n.‘l;.-..v;
the Set, Jrverse 1/d LS ok,

Ard S0, no moatter how YOou ur_l.._gL\cL_=I E'..l.htr‘c}.,{_t_’ :;L'..,uk,ch_} or rr-._uhll_'t.'u._F'L».j rmobers una

a field, you stay in the field = (ts own inescapable wniverse.




t's wgeful to work with F'..a..tria,, becowse oo bunch of theorems
only hold within ficlds,

Theat 18

. L A1 ‘FLLL::LS.,. numbers wWork N a wn\j W L.;.:Pt,.ﬂ;i._

But when were not dealing with a ‘F'l..v;.an'k_} a. bwnch of
theorems don't hold, and all sorts of crazy things can
\‘LmFPLn_*

*To be honest

-.,*Ll'i ndt Like L-vt.l‘hilt.h».ﬁﬂ W8 aluoys chaos owtgide of a 'Pw..t-ll.ﬁ*»_ There
exiSt quite wseful and Erc!,ur,r"l.-.;a, structures that are not F'-.,:,'I.chs_] Like Fings oo, Tlr‘c-u.nps.
[:'l-t.-'h-LC.h Come wp a bunch in abstract ul-.eﬂ-.-'lz:r‘-:u.l t"l"n.ﬂu-ﬂh not 80 much i reol m..ﬁa-ln.q,ﬂv..&j_

-



How should we order FLLLQ'\S?

-

Qure we cowld order Aieldd Like we order et That LS, we
cowld SOy that a 'FLL'L& LS oy get of rumbers with an Df‘itf"'x,n-ﬁ

'm.mpuﬁe.cl on it (e, a vay to determine which numbers are
biaqelr and %WLQLLLI"..)_

Rut there's a PrD'blLtrrL, L_p_tl'i;- try to order the EQFFLPLE.K field Llive thaxt,
Our order can be that (a.b) € (c.d) when adc, or vhen a=c and b<d,

IF'."l' & RO Ty l:lL.',,l |"- 1 " G i i | -‘.:' - |_ e | -'1.‘. 1 “I|. becoise ol k _—-'1|'-. l |:' :r_ = E ‘:] L4 f: , ,I";I h] EBetawiy Oo/l=C -_'.,_.-'-_.:_!.r I:_-u'lL..J._ -

Le E'.ﬁ-d.. uhp able to 'Pr'*'DVL {'.*:Jntr‘u.,c;;i_l;{ﬁr‘\j reswlts CLi_'n_v.. that
WS both less thaen and iﬂl"‘ﬂﬂ..tf_,l’" than —l‘)

r#‘_,_-—_-_!\_‘;‘

Tio r_5,||:|-:.-. +-_r-".-__lw,
RS B 5

The Flaw e the proof 8 that owr ':;-.'l'lil'.'\-r"'-'n-'l"-"ﬂ-t"—"- oF aun
ordered Field .'_Lr'_‘n:.l;.r-,‘t ensure that F a < [ then ba £ ke
{’u..'lh.l.. a TH R 'P'JS'L lli-i."-«-’i'---'._:l.

Lie Pf‘ﬂj'l::a::.'bl.ﬂ wart am ordered ‘F.._r_.!L-u:i. O emSwre ":',_1|."L,=:!."?._+ Hecowse

W a Fueld s srdered. ve should be atle to compare nwmbers j

1.-._.'-'-._Jr.1l"1. L.rl-t-qh'-.-’-dh‘-'l.'ﬁ_{'u.i'..-"?.- LG d,,_tt:;rm-._nf; n.u"l"t.i.,u:,"l"g. arder -L\";.r..-.j o Ly
E\..L"-‘. u._i'\_*:,h Lus .-i.*_-1-~,ru.4t.'1.un,, L3 E,-:l.r‘-..“i.. FEL VI L'."T"l'.l_::f" 1 (T o WY -'j__




- d 3 = ¥ =l ¥ igh % k)

& . . LA
5

\ _ 1 \
So let's create o stricter definition of 'ordered tield . one

Meg uealitices N a moOre sensSible

that will let ws vore with

MO MM’

L_E_tl'% cLe,'F'LF"-#_ o DI‘CL{:.I'"E.EL 'FL-L.'L& TO be a F'u_.ll.-:{ (0 L B PO ) 3 T
1"} Each aumber n the field s either positive, n-?_.tj'::utlw;_}
2) 1€ a and b are pOSLtive, then oo + b 8 POSiLive
3"} 4 a and b are PDS"-.{.-LVL-.:I then oo * b s PQS-'-.'ILLVL_

or O,

T s T e L i ry = ks - Eirad s

WL T W T e

ﬁ" .
L - I!

{'_Dl'fLF-Lr...'-'. M bers ore oot o.n -31‘1{_-:,1‘3.-:{_ "l‘"-.,e._'L:.L (*.."I"Lul"-'r..-,

Under .8 {‘I‘_f__'l.'..l..r‘-.,.‘ll;-,.':_'ln_l
i i .
ﬂﬁf_‘fd_ru‘_*'é.b‘,: becawse wntwitively they shouldn't be, since ve couldn't +ind

out how to order 1 and =17, Lietg prove Lk wsing the detuinition,




S +the E,GMPLL.K 'F'n._v...'l.ck
an ordered Tield?

Ha;r_r::-rdl.ru.a to owr d.t'?lt"l-ltlﬂn ok 'ﬂrrLr_ruL F'-s.«..'Lf:,-h.:lﬁL each number LN

o GrcLartcL F'u...\.d. must be cither PESL"ELVL

g mt%qtlvb Or =oro,

So B the EGD'LPLLK Field 18 an ordered. F'u,e.'l.:l_’ then L (::-.‘nr::.. »I-'l‘}

must be wither Pﬂﬂ'm,ti.w_. h&iﬂmti.va. or %ewro,

) ]

. i
Le wnow £ cant
be. LTO_

'Ej;_.l:.a..u. Gk i erv_,-:n,-:LIj

hove o number that's , y |
+ur0 = 1'% catled And. ¢ can't be

-\.ﬁLr':l_ FQS-\_iLM"P—-__.

Becouwse SiNce

r‘ ﬁﬂ"ﬁl*.LWL*PL?FE'LEL‘JL:P‘:'E'..*.LN-
. b Yy Qur |:'LL ..r‘-.».i-._-::::r‘-.. ok on . i
' .fql"'l.-d.. & Coant bo

ordered Field. * should
h':..- F'ﬂﬂt,":.g'.'l.-_

ne,nan.u{Lw_.m

E\.\.t ._'.L = —.-lj.,r whrilch 8
e mmgmtwh.
Et—ﬂﬂ-'-'-?at. SaTiCe
pOSLLiveTpositiveSpositive
by - Owr -I.LL{'\'I‘I.'-,_"'LLGI"I. o4 an

¥ ord.ered \F-.,q_.'_cL,J {"-.‘]."I'
w showld be positive,
- Buk (=)'= -1, which is

e ﬂ-tﬂq'Lw:-_

S0 the C.ﬂr-‘LFu'Lv..E NUumMbers C.'-‘-LT‘J*-‘. ma ke wp an GT{LEI"'L(L 'P't.t-ll-ti.?
beCawsge -th.,xj viiolate +he ‘F?._r"‘%"t. axiom of Grd.__e.rr_uzl_ -F‘n._r..'LnLE - that

cach number i the ‘F'-._t..'Lf:l & enther Pﬂﬂlti_vh_j rme.-ﬂu.-'r.i_vz__} Or ero,



How do we construct

the real numbers?

bjhiﬂ S ”{.Gn%tr‘mt"u'u.n3“ the real numbers {-Lhc:.t 'LE.’_?
C.GT“LFr“LhLFLEin-Liﬂ &L#'.'F'\.r'*"'-.nlﬂ and bU-i..Ld.‘L..na wp the real numbers)
%u.e:.h. (= 'h'ua CLP,ﬂ..L L l:l._f‘Lt:t.LlﬂE"-.,E?

Lx.}hu.j build them wp when we ﬂuLI’"E.G..EL‘-j wntwitively Rnow what *bhmj
are? VA B reCeived o EG._'E.'LS'F":!'\.T"% ansSuer for this,

17 M c&ﬁﬁ"’:%

By - == g
A 2

(A
ThL besSt onsSwer | Can CoOme n..LP :.-..:'-..-Lh LS beCoase wWe Coares




So how to do 'Lt.? How 1o ch,-Pxne, the real n.u..mb:..ra?

F:’I|:'a1i)-.::-.!"'+.1:.r1u.-’4.-.'l..nldl (138 l:.{::,n.l'l‘. do it by .bheCcaowse that Irﬂ::.aa 8

Aot well CLE.'F'LI*LE. “Rt.-u.ll.
rnuwmber L,Lntu meo.ns nﬂ-k.'ﬁ.'x.l"-.-:a

withouwt ci,a‘FLl‘LLl’Lta Hrtﬂ.\.
1"

t'l.'l"ﬂ.w'a..l"l-?l = l"'a{::.'l. nuwmber Line
a.nd. EG..-.,},LI'L% u..nxjthl.ﬁﬂ o Wt
8 a real number.. ..

nkmMmber,

Fin.d_l nPPnre_niltﬂ Wi _hecande t-:u.-1cL Ylave Jbuk how can we
can't do it by to prove that we add numbers with
q':.’“ﬂ:"'nﬁ n:..nt.jt"l‘\.'-..ﬁﬂ Cecry n“i‘i {lr,m.i o ‘q.,n.F'-.,r-.i,-l:.e;. nkmber
that Can be written FFLU-II.'ti.FLL_i, ok of decimals? There
a%s o cL:.r_Lm-.t.L w8 o numbers, .. 18 NO rilalltmost

real mnumber,,, digit to start from,

| t's o method of
So let ':‘;Il l"-'u'il‘.. = tLﬂhﬂLﬂLkL'::; ;unatru{;-k.'-.ncj the real
called 'Dedekind cots, numbers from sets of

rational numbers,




F'Lf“ﬁ"t.: Lo I‘Lpf‘t"ﬁe.ﬁ"f. E.n.r.h real nuwmber ""'{,, We Create One swhsSet
(or “r,u.t”‘) of rational numbers.

gpecifically, cut <4 must be For example, the cot "‘ei!'' s
nunr_mPtgﬁ_’ CoOntaiin all .-Lh.l_. set ‘L‘h_u_t 'LI‘L-:.LLLCLELE Q_E.] E*;.
roctionals less than "{-_’ ound, 3_1""{1,} a.rd LTy other

have no T"amt?_%t element, ra.tional number less than P,

The final EtLP L8 to prove every real number can be rLFrﬂalﬁtti
EE:,' one u,n.cL Dn\.;ﬁ ore of "t.lh.t..'ii'_ Ht.n,l.'t'a_u Th-:.x".'_ P-::.r‘i'_ wvNuvoblyves

Shnw'x,n:a We. Cours 4:11-|"c:La.~_.r"_J C.'I._ELC'"._’ cLﬁ.dL rr~n..'|.1~.'i.+.i,1::-|L:._.v_ui tha..*i?. cuts, Eu-..t LI,
ﬁe,t‘a a. bit tad\'xnus_’ 0 | ...:,::m_lt, r;;L:::- [ Ih,t.-l""t_

T finishech
‘/_ e deck'

Thal's wandurful,

Eu.’f.. oOncCe L}L"VL I:LGT'LP_ -th.u.'t,} I..JL."'w.. l.‘_ﬂr-..'a‘hf"l..t.t'.te;.:;"._ the Fe.u.l.ﬂ
the f"ti_"':.kDT‘LD.LE,




So what vas the
of all thot?

) wish | Rnew,




(Brainteaser) Are irrationals
a subSet of the reals?

I had thﬂ‘-‘-ah‘h 50 . Buwt El..l:.‘L'I-L"-'?b.LLL:E': nol

Tlh..l- LT"LD..-aL'I'LELf"-j number SJ=1
18 also 'a.,r‘f‘u._tl,ﬂnﬂ.L

There 8 J'Q_ JE‘u | I




AT"E. "t-hl;-f‘r-.'_ 'LrL'F'Ln-'L"'LE_S'LFIB_LLtﬂ

small clements n the

real L'LI'LL.?

T"LG, Real numbers cannot be '-.,ruF'LrL'Ltf_sl.m::.LLqﬂ “s.rrw.-:.u.'lh'l__‘,| n.c,c.{}r&k'-.,n;a
to the Archiimedean PFﬂFLFt\j of the r*e.::.lﬂ, T SO.4s Ltruus.

Fund oL real nmber, Call
t £ (LPSLLDr\.\), It can be

r‘*e-:a.-ef,:‘.“y Small,

) wsed the thaink
the
Archiimedean
property of the
I"E,u.LS Lwo s

ObViOWs = of
COWwrse &jr:}u. Caunrn
'CI.LL-.'I-I:Llj'E 'F‘-.,FL::L o,
auwmber smaller

than another!

T‘I'LLT‘L_} there wxiSts a
noatural number n ‘E.u.t:.h.

that 1/n 8 even smaller
than that £,

Then | realized. that

dox ond <L’-,} So the Archiimedean
(nfinitesimals?) do property really s o
not Emt'ﬂé‘."[:'j the properiy somewhat
Archiimed can Ff"ﬂpﬂ.f‘t\j_ wiiq v-e to the r*—”:‘-tsi

5"{3.} there are no 'u.TL'F"LTL'Lte.ELma.Lng smaltl elements in the real
Line, Tow tan ::.Ll..}r.l.tj'i 'IIF:'I._'["L::L a real smaller thian another I“E.ELL




How Can we raiSe o number

to a neqative PGQLF?

Do real numbers Si.l-.f'l...:' YO 1"‘\.'1..?]'1'1.“'.
make Senle WM h.:r._'-...rq:.. ﬂ'l,.E_I“I'LG'I‘"'i._*EE.-CL Eu..t 'C]L*:}E'E -L'h_c:._t

prﬂnantﬂ? For €.
:.xa.mpll,:..i what does that a ""sl the cven make SensSe?

o, ﬁ.e,%n_-'ti..w_. :.;:Pﬂnt,nt sSame A% 4¢ .,

Exponents are E.L.LFPD-;;-_.:L to

mec M I'.'ll'r"|.l..J-.||..'§'.‘|.“.'n‘i.:._.:!| "'t.lli“u.: -1'..1'."1..'1._1'1{3 O
the bottom by kself as
many tiumes oS o L;{Pﬂnant
tells YOu. tﬂl”

S0 then hoo do we muliiply
something by itselt
nn_f.a:l..-hi_vt, times?

SG_’ Wt we vant thet Eummlﬁﬁ
racle to stitl vork with

n&:ﬂﬂ.ti.w_."-s L.-;:PQFLE,I"L"-'.S.; then
|

LJell ve can Pr‘ﬂve_.* +that for
PESL{.i,uL L-}f.Pﬂf"L'E_f‘Lts.: the
#GLLGMLﬂﬂ 1+ W0 Pf"ﬂ PLI"“L'LL.% ‘!'LQL:!\:

[

o~ ks t.q'_!.}..%L —TE .

"'"l':l.LL'rL-:.uEh | gt prove L, oot o Lcn.||._.._'|‘1.:_~‘.|:._1I mord, YoL.,




E'.'u.FLLlLﬂ.FII..J.ﬂ,: wheat
-:L!'.'lr:,".i L VM. UL
to roiSe %Err\.e_-thll"-%
ko oo urrational
Fﬂugr?

To simptify all sorts of
future Lunmmd‘ru..rrxs.} let's
jl._l._'-';t SaY + e J;.:'QLLEIL-.J'\_I“L
F}F‘UPLT"{:% -:l."-l-ﬁu-kj% holds:

fyln.uﬂh!.. 'l..-’c_.l":‘. by Ousg
to you, bt i
shouldn't be. It's not
‘:‘;Dm.r;*.\"i_'xl"l-ﬂ that's
Wnherently true,

NONSense

pL.ﬂF!L:.. -LL-“;'F'I.I"'-?.&.. [T, 4
that Wk, r_t.n(L then
tﬂ.u..a"t‘Lt H:. to ws
that WIS, u_nd‘ gtk
we jwst take Lt as
Lrut by

...no matter how muouch

Yt L8 1O raiSe

numbers to hﬂ_lﬂﬂ-."LLUL- or
wrrational poweLrs,

&



U.)\'l::.xt hC!-.PPLﬁ% Wwhen we
Pud:. a. bunch o€ real Lines
Jc_ﬁcae,-'l:,he_.r‘?

[.JJEL Coamn ran..E\’L tt:'r-ﬂa-t.hn..r‘ l"'E.'-TLL Lines to ﬁtt "h.'u.a‘l’l.v_.r" &'Lmra.nﬂl.ﬂnn.[
SP'I-'-‘I-EL-‘E_

1€ we have j.uu."-l‘\‘. 1€ we have two

¥ ve have three

: : "] r:'l#_t the SFD-LL
we Ll call that have a real c_g_LLLcL FE”\?'_ F!;r*-.,ni

SHhENE RI_ ' placrmes: R: )

. ) ) -
one real LLrL’-*.,} _ real "-nhT"LE.::.? Wi

30 O,

LJ.:'hv..n, W Pu.*:_ any n sueh real Limes t:}%a-}.htﬂrt_ We. ﬂe,t
eweclidean n=§paCe ("ﬂ.?l""“) Te be more "?GT"I’T‘I.&L.} ewcliidean n~—
SpeCe L8 o veCtor Space where the points {m‘}_,}ﬂ;} contaimn
all real Aumbers,




what h&PPLn% to the reals

YE,S.} xjuu.1re. not

L:...\h.e..n.. e n.LLDw

&Lv‘x._dmna by =erof

H'iLLFFG%E&..“ to divide by =zero, RBut wheat

huppuni when you allow di.”'f"..c:'kl.'l"'-rﬂ by =ero n the reals?

Tes j_-.u:.t_ .:i.u
L..rhu.th.ri_r_

L\.JL-LL,: Yyou ﬂtt - oD
(when yow divide a
ne,xam.*.i.w.. by *:}‘) acrd.

+ el ('h.:llh_#..n leﬂu. Aivide
o pOSitive by 'D‘}

'“L-.Jhi._l:..h %Lvt.'éi ws the extended reals!
The extended reals are just the f"E.u,LS,?
plus the 'grL—F'\.nL-tnj symbols -o0 and +ed,



Ll-)hc:.t“a S0 SPLc_Lc:_'L a.bout
the T‘E.CLLS?

Just Like how certain theorems only hold for FAieslde, certain
theorems DrL'L:ﬁ hold for the real number 'F'LLLQ’I.._

hrv -?n.t-‘t._: S0 many theorems hold for J st the reals that F
ijml-'r‘?. v.nnu:ﬂ’h. ot a t;’i‘ui-m.lp,, youw could write o whole book about
them,

=T




CC]T'LC..LLLSLGH

So {.hn.t'-s vt for thiis First c.ha.p-he,r: an Antroduwction to the
real and complex number systems,

A fun Prﬂ'n'l.e.-m. You. could try now that Yo RNOowW this stuft:
- ghow that f the additive H.&tn.-k.’u..-tl.j has a
m.u.lLti.i:-Li.c.uhi.w.- Wverse, then the ficld must have
nn'L-ﬁ One element,

)£ 4Oou want Lo so0lve $O0me rt.-Lc:.’r.E.cL GP:..n.
prt:n'ln'l.um.% that no mathematician has
vt Q.-L':.Lu:.,c:L before:

- Solve the \ntaﬂar ChLbIﬁShLV’
Fr*ﬂ‘hl.q.-m [:'rfL'LT'-'Lmi.‘-H.- the
SUpremum of the Chbbtﬁﬂhbv
PnLuﬂmﬂmLuﬂL*}_ e

- Prove the EuLLr-muSLhLFDﬁl &
constoant 8 rrational, A

---':j ! l._-.-
Enjoy! X







.F'L.,%U-.r"x,ﬁcﬂ out how to deal
with wnfinities 8 e:Ept..t:.LaL'Lsﬂ
. important for proving

" calculus vorks, After all,
5':“ not at all convinced
(;::..n.cL You ShGuL&,njt be
cither) that you can just
sum something wnfinitely,
ln._n.cL erd wp with a finte

number Like we C'*‘Fte,r‘., cLG

o

when ve Rt e_f:‘]T"D..t?_,

_. .f":{"'l-d_ PﬂlT"‘L oL F'n._qiu.rﬂ,rtq ot

1"‘!..'-7-""-:3' 'LT"-‘P'LHL"-LLL'-; LJDr‘*h...h LS_} ok

COUrse, COMparing them.




HGLJ cLE& ijLL LGI"'LPCLT"E_

'LTL‘F'-.,_VL'L_'LLLS?

How coan wve wven 'I::.L.:?J'-.._FL + O -::{_e,t;;r"rrl.'n.,_ﬁ.e_"_

“_L-._Jhl_.- "":.III'LL r SsOme 'I._T"L‘l‘l Weties

PR

']

) quess e could just compeare it ies using the same technique ve us
10 {';':‘men::m?_ L"‘-.-'LI"'-j‘L‘r'L'.._r"--!a LLEE‘....‘IL.III"'LD-."L LS, by l"_'l‘”-l-'r‘L‘LL'l"'-':i U-—P E‘.‘:"-E.-}'L CU"-LL '?EE.'-‘—-"-T"-'%

whiich 18 b “qqer,




%

'y
Exrr_.r‘-.. t]'l"n_-::u. III'“L We,. wNOWw we COMDore 'FLD»'L{E, wantities b J COWnt LM
3 P v 9 9

':L]h._.L.rr-.,_ 5. G,_I"‘LL_:L Sen l'_.n_.:'hi“{'__h geT S b er "t.hv_. triick art W8 Comimn
P 3 qqer, 4 P 9

I..A.i,l:} I'..n_}'l.._':t.h O 'FUT"rTLﬂ-.]L, L_L-.'*_'F".._'I_"-'l.._"}..'x_ﬂﬁ of HI'.._GLLF'-.,{.".._'I_"-%'H

e s C@Lmtuﬁ%?

1
s

F_LHL':}.L", TWGL-J_} WS s H'!_'_{Z]'-..Ln_il._ﬁ.ﬁ”?

-\..‘*

b
s

]

number — MO0 mOrew

1
So. real countin

DM must be PCLLr“k.TL-:j a:lr::.h Gb_-_}l'..[':t. L O Lxu.ct'l,nﬂ Ore e

, and no less,




L]

* " [ r -

A less vordy vay to say “Pn.'u.r-'m.r'-.a each. object N one set to exactly one object

nothe Giht.l‘“ﬂl 8§ Lo say HE'LE,L.E.'L'LGH._H

FGf‘m..u.L'L-..j,] o "r:n"-hj-*--f;"t-k‘lf"- VS oa ¥u.11;;-1:,'~__cnr-.. that TT‘.._-IJ_F}S every g__,'l,.r_,r-r-“;_nt okt a set A to

il

SO Wig v clement N get \".'""-, and, mapsS every element nset Y to a wniq v-e

g

LLIL-F'I"LE'_.TLJ‘._ W set A

L

=

a. bijection!

) S

L;L.jllh..l..ﬁ. we 'H;:‘.r.:'_sILJ-J‘...J!-._}':..':I what :.Je_..':rm‘r_ mctmmLLaﬂ d,ﬂl,rua S E.r‘tn.."k.'l_l"-.ﬂ o biLjeCtion between

the et of mnumbers ve are c.uuhn{'k,n‘a mgih...'

-. So €+ § S how ve count FU‘LL‘*_& q_qu:l..rxtL‘t'u.,t..E = by C.Grﬁ.‘:‘;tT*\.\.C.t'LrL{a bijeCtionsg, Le

jwst neover r“'LaLLLﬁ wse that te,rFL'LnGLqu:\_

'Flnei., a.% Lt tuwrng Dud.,, Le Can Wwse t‘h.t.%v. so.me bijeCctiong Lo cComperre 'Lﬁ{:'x.ﬁ-'utl.t.a

a.§ well,




- L -

wh.i._c_}l Jet LS 'bl.%ta?_.f":

- the 'erte,cae,r'% Oor ecven 'Lﬂte,cae,r‘s?"
1t seems lLike there should be more 'u.r‘-tv.*ae.r‘% than cven 'L..T"l-ti'.?lu‘% ('u_?tu‘ oLl
“the set of cven \Nteqgers are contained within the set of Lnttﬂm“%"}. So

.I Lt.t'}*-:. just "-.-'-L-l""'n.,,‘Fkﬂ_ I'a'lc.t:.c:irr:i.'u.,'l"-.a to our itﬁ'Ln'ht'LGn,_,

Fa

5 i . : : :
. __,L‘F theres a way to pe-ir Lwo gets SO0 each hem N One set S

.I ]‘-l)ﬂl-."-hr"e.cL tO LK&C"LL% Oneg Ltem LML ‘LhL D"thl" set ..

And. S0, beCowse we Can bijeCt the "..'I'L"Le,,ﬂe,ﬂ‘i to the wvens U._E'LI'LCﬂ the
peiring rale 'n map$ to 2nt! (-F'E:r- anmf.\'l.t_j g mo.p$ to A, 4 mop$ to

%, and s0 on...) the sets are the same Size,




=

Of course, this seems completely

ridiculousg,

The cven LT‘LtarjE:P‘E Are @ subSet
of 1the 'Lntaqﬂar'ﬂ_} ar.d. "L.‘-.l’?_,'t. Ve ‘jtt
" that 'Lht.-'-—j are the Same Size, " . . S . .
These are the sort of absSurditics
that ariSe when ve try to do
somethiing as abSwrd as I:.r:-n.r..rx-h'x,nﬂ
LT"L'P'Ln'Lt'u_S.} ) nau.p_-aa_
Galileo actually Pre.%r.-xt.«»_i s
veilrd result as a pmrﬂ.dﬂﬂ 1o SaY
Ve Shﬂuld_n.l‘t be C.’:JI"'LPCLFL["Lta Sixes
_D-F' u.['L'F'u.l‘LLtk:l] at all,
'How do ve resolve that paradox? _ % _ _
Do wve just agree with Galileo LJell maube it's not the ennd. of the
“and stop cownting WnFiniit e s? vorld f some of our ntuitions
about nfinite sets (9__3* that subSets
should be smaller than supersets?)
"don't extend to nfinite sets (mhr_.r*e,
u,FPar*Er-LtLLj subSets can be the some

Lxe as supersets)),

':J"F COWrae, feel free to come U'-‘F] with
kﬂc'ru-.r- QM Lo ys ol n"LE_CI.._':','I.Lr"'I.._T"'--;ﬂ
'LFL'P'-.._FI-'L‘t'-j_ L.-..-iE. a Ll h‘r"'-':lh.},j H‘Lh{:.tli _']u.'at

the vay t's done' doesn't really

h )
mean it Can t c,h-:l.n.uar-_ n_.*..rr_.ﬁ.tu.u.l.l.n._j_




-

U-)\'\-Lc.h et LS 'b'a_%raa.r":

(0,1 or (0,2)1

- = E - =

"Ha=zel, from John Green's Faultin Qur Stars says:

o 5 r .
= T II'Lll'_.- e a.le L_F'L‘i'-._T'L-._'l.v_ ok MlbL r's
be tveen O a r-..rt_ 4 B |_.'|"' COwree - '?:.Ih.l... re

L8 o 'hl._qllzri:l' WRTinte set of

rmMmberes betwcen O u._r-.-ﬂ_ o ."'.ﬂ'

LAY - ¥ Lfew Puaaﬁ___ we will Pf"':l-"..rr_. P::Lr"t .
___::.u:.[ﬂr‘dtﬁrj t0 Owr d_e}knt-hmnj the |
of what Hn."tt..ll. o Lok f'"l..qllll*'u.,t — that
b \ set Of mnumbers betuecen O ond 2
sOme 'LI"L‘F'I._T"-.L".'.'LL.‘;_ a.re E'Lq-ﬂtf' than
- 8 the eltagst Sgame S2e OS5 the set
others, HBut just as a fun
of numbers between O and 1,

ftact...

LJe see this by Setting wp the same bijection as ve did before: ve poir every

€C_ "N 3 ~
N

rokMber Ln (G.}l“:} to thie number H:'_r'x N (C'.,:]_ ). Becawse cach number wn

each set 8 Fl::-.u"'e;.cL Lo l'.-:ﬂ'i!:a.l:"_tLLj One nuwmber N the other “Ei'l.'t.: thi8 8 a bijection,

= a = L - L - 3 -

Mote: FTohn Green wnew Hoawel was RE MCOrret 'r__E' Fere 8 what ho sa -._||S.' r"--'.-"-'. L ideo there wat thaet | Liked that

1b—year—olds could mame — as they do — ncorrect abftract conclusions abouwt l'..':-l'"'“.i..'l.r_-"l- ma themao tics Bot

LWL T these © OMeluw S 0ne o re ncorrect, . Ly Can II"l"L-I"'\- te Feal oond Lastim 1 consOlation, | fult Like it wowld be
too moea b/t -'J-'-_J. to hawvi Vi Ty L'i"‘_-.'lf. b correcty | o b e her to moke neorrect N erences...that still :.J- de bwr

-
theinking .

y o CoOrrect/nulpr wl diirmecd o L
= 1



]

l +huink ot thees PGLE"-*'L to be faur to }"LD-._#_,LL.I ) Should mention

o
L that mﬂxt‘tc‘ biljections LS just One way mathemoaoticions measure
"-.,I'L‘F'l..'l"'-"..“-‘.'t.t.-":i.,

¢ n
Another method — called the ¢ nelusion E'T"d_m"m = umplies

subSets are smealler than Eu.PLraz.tS.j and would make Hoazxel

COrreCt,

H':ll.-:"l'.-"u'?.-'r",}

vt does turn out that L.Jl-.S'U"l.-:El the “‘t:."..jt..r_tkl:nﬂ meth od

" r b
O l."_':i'-.-'-.ﬁ"t.'l.._r"-(ﬂ 'xTLJL"I.hTL'I.h{.'LL.E [ L-Jhu.t ¢ most relevant to wg U

proving calocwlusg vorks,




am - e =

U-)'T\-LC.}'L det LS b't_%ae.r‘:

- the rationals or the rrationals?

IAT"E. there moOre rational numbers Wn

'L\‘LL. Wi VLrSe c..

b had thﬂm%ht for sure there were more |"=:L+.'1,c:inu'l,ﬂ., ju.st becauwse ) could
* LSt ".'.-h?..m of£ more E-‘:"-SLL':&-, -.::..,n.d_ 'Lhr_. DFLL:._ﬁ wrationals | wnew vere P u.,n;_{_ e,

"Eu.t as bt turns Oowt, there are ﬂ..r_'LU-EI.LLLj Way mOre wrroctionals,

- = [ = - e =

e wnow +hiS becauwse while the set of rrational Anumbers S sO 'b'm.cj that
we Coun PFG\:L that the : Ll.JhL-I!'\. Wwe Coun Pa'u_r‘ Lvery E_Gu..rrt'u_nﬁ nuwmbeor Lu""-.“'.h

rationals are the soame Size " an wrractional, and still have irrationals Left

as the c.ﬂmm-t.'u.n:j numbers... ¥ Owver,

(ﬂ._ﬁ.cL 50 we ceall the
rationaels a rf:.‘_Du.ﬁta-'h'Lr.. (SD we call the irrationals an “Lu"-.c.ﬂuntmhlh

"-.T"‘-'P'Ll"'-'u‘t*j 1 "LT'L'F'LI"L'L-Ltj_ﬂ"}

IR
& 5

O L;_.tjr; ::l-.l.‘_‘LU.n.LLl.j prove this LS true,




L

Are the rationals

CGLLI"LJC..CLELL?

cen -G peir cach element to a
10 see L'F a. set 8 a couwntable

-.'_f:u.l-.ntl,n.ﬂ 'I""-.I-'-f""l.bt..r"'.j Er"aﬂ.."h't.ﬂf-::l (o
'L["'-'F'x.l"'-'x.'f.'-j...

biLjeCtiLon,

For l'...‘-"lL:LT"'LfJLr...J Wwe Can biject the Set of ' Lo the set of LGU-I"L"L-..F--a numbers
. & S L T Ca F ! —y ] o 5 5 : z k]
cven numbers ‘t-f._lll"r.]"::.'_}g_}l‘j...-i “ea . ‘il_j..{_.j_ﬁ_}._;...;_ E—"'D‘.. we See the set of

even numbers S8 L'EJLLF'LtLL'hIl.t._

But we want to biject
the rationals to the

COUNn *Lx.t‘u] numbers,

Thrhis S t_.q_-u.LLumLLrLt to
the task of writing all
of the rationals n a
: S'xll:aLL.-"FLLt_. Line, beCawse
once we do that,
' Pu.'x.r"u.r"-.ra them to
L’;GLLrLt'-..T‘an numbers S

, 0.8y,

Kot how do we do that?




I..LJL.LL.} YOou r_nn&t

‘EtDP me *rom

~I l-'a"l""'u“:.."u._ﬁ*ﬂ 'L‘h.L.rrL

ouwt N a
4 ru_..w...r-p_ﬁ.ck'u.rua box

' Lime £ S...

And then
cLl"n.L-.J'Lma Q.
COntiMNWows
“rine® that
anoakwes ﬂ-.rﬂu.nd,
them Llike

+hois,

L B

And so, the rationals con be bijected with the counting numbers, and 18

therefore a cowntable LT".‘F'LHL'L-.j_




Are the rrationals

LLTL(;GLLr‘Ltc:.b‘.L?

-

Froof by controdiction, SLLFPDE;_ the rroationals vere countable, Thi‘_.'r"-,} anmhbni-j
would be able to cji_vr.. You a L'igt of {ht.m? with ecach one P*‘-‘-"'-f"&d_ with a

{;ﬂmnt's.ﬁ-ﬂ number,

L « JLOOr el 5

-
a1 LA
-
f 1 'Ii't -
" _4""!'5 g I'.b'u.l . ) {
&1 i N
-

El..L'L.; nOo moatter what List Yyou 31,?1.. me, | Can ‘F'u.rtc:L an wrational number that

[ r'-._'DL-.Jer"E'_, Ore 'Lhn..t LSt (D.,n.cl_ -L-..Jht..n_ ] uf_l_'-’.l'i.:r e h-::..uL. s Lﬂntl*ﬂ._cLLLt'LGr'L_‘)

[ ;- L



Tl matter mhnt thu LSt You qeve me PN .

i» d \ |
th, eh
} would Lo ko -k.hl. \ number oFf 'th_. \ tin.r:l'-."t.*

1€ the number wasg a 1, ) would put o d ™ the T plaace 0f my new number,

1€ the number was a O, ) would put a 1 n that place,

--{ H 1-"
A
& # A i,
s f | % -
|’ - w
4 b o -

—

B o e L TR Waly ., ) would end, w.p with an wrrational number nowhere

orn that DT'*.L%.'-..T—"-I:}..L LSt

i - 2

Qince | couwld L':]l_':!' +hi8 o motter what Ligt of rrationalsg Yyou throv ot

rﬁ,r_.‘} 1,j':."!'LL I:'_GI..LLEL_ Mol VT llt“|_1:='-,"...'r_. = [‘_G[’*IFLLte, LSt -Pu..'x_r"n_'r"l.r.a .;r_i:!.,c_lli"‘L E‘_Et.l..r'-q,"c,'n._l"'l--a number

0

= )
to an wrrational nuMmber. wrrationals o.rern L II'_GU-.F'JLB-.ELL_

L



SD_} we hNave that the rationals ore countable,

And the rrationals Arfe GON Lyen 'b:.n.?]fju" u.rup'm.n'm.tg,: mncmuntn‘b\.u_

But 18 there a Llevel of x_n-FLrL'L-Luj . between cowntable and

mncﬂmﬁtm‘a\.u?

:

. ..

LJL.LL,: that q Lestion was Pr‘ﬂut_.d_ to be cfmﬁd't.c.'uﬂ.u.‘hll.r_._.ﬂ What does that
ime_n.ﬁ-? X can be token as true of false without w'm.ﬂLu_t.'u.I‘an any other

]

moath (SPuc.'L'FLE.u.LLtﬂ.J the m'LiLLmﬁ—m%ai Jermelo=Fraenkel set "Lhi‘..ﬂl""\j :::.x't.nrn.%-')_

But QFPQFE“‘-{L‘:}.-} Lt LS very much decided that 4ou Ccan have an

nfinity qreater than both countable and wuncountable,

o
-

]‘-‘.j‘-.‘. the Size oF the ﬁpnuur "-E#_,'Lﬂ o4 an Yy whneowntable set, A PGI..}LT'* set LS the

set of all subSets of the set (U‘LLLLL:JL'Lna the e,mp*ttj Set, and the set 'L":.QLL‘P‘),

And ve can Pr*uw. Yow Can neover Create a 1-1 m.ap from a set to ts pover

. set, So that medn S, 'LF we Credte o Fcut_r‘ set of Q.Y wncowntable "-.‘.::'L.] vis

Size 8 greater than wuncountably wnfinite,

. - . & = . i .



Krainteaser

. U-J\'Lmd cl_'Da'i 'L\'LL Sa.me PFDD*@‘ tnchnLq_LLt e U-'iv_cl._ o S\'L':\-:.: -’t.h,t.-

"..,r'*rnuh'u..ﬂnnl,S oare uncowntable not work with the rotional numerS? A

- i - 2

- = . = E

mhaﬂ r_n.n.?t ] wSe

Thn.t '\_8_} for any L st of l"‘u..,'t'u.,ﬂn.nl.ﬂ %GLL tﬂL‘u’L me

ﬁ

the same tt.-f..hn-i.dLLLE.. 10O ‘f_l,ﬂ' down the List and ‘FLT‘LCL o nuwmber

nowhere on that Ligi?

E_'-'.'q. &E wo1 7Y Jagqunu

a7y 3P hes 20 uwen gdthE oYM ivrqumu eou 3Pyt Ul ploy 5—111..1—1&1;4& oYM

'|euoryed 29 pivoe Ppuri P ;mf-

JAqunu @9y 3PY3 3undonb ou 5,374} Nedq ‘pjoy 3 VsoP yooud Iwws oy



 For an extra=heard
f...h.':h.L'LLn.ﬂL.? ht—r"a,ﬁ‘a o very
herd, PF‘GELLH'L that one of
the most clever math
majors | knew at MIT

I:‘_EJU-.L-:-LI'\..:":. ‘F'k.,%l..l.r'e_ EILI-.‘t_

- For each real number a 0
the nterval Eﬂjlj.}
cconstruct sOme set of
Ntegers §,. This means ve
" have an u.r\-r_m.h.nta-h'l.n.j 'La-r‘tjz
coltlection of sets of
Cintegers. Figure out a vay
' 40 construct these sets S,
such that :I:.\'L!:..Lj satisfy the
-F‘-:;L'an'm.nca property: o aslb,
then S. 1S a strict subSet of

5%

And thntﬁ% all there 8 for ths Lhnpitr‘ on nfinities,
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Re,cx\. Ar\.QL%S'\.S

Chmp ter 3
TGPO\.Oakj

Part 1
Metric Qparces




-r for - -

U.)\’L::Lt COUtS A%

ccd\'LStﬂhﬁCL.ﬂ?

£
as the ceow Price™ digtance funcition

Some measures of diStance are the J
U..l"‘n.ti’ ".'..hl. I:rff‘uﬂ-.n-hﬂ-ttﬂurhlﬂl 'I’-‘L"-.E‘tﬂ..r"-l:l.. J;."LLTLE'_'L'I._GF‘L_ E"J'-t {blhg,,t EPLQIL-FLCD-LL% molkets O

function Cl__(;{,_?!ﬂ\} a. valid woLy L0 measure diStance betveen x and Lj?

- 7 . . i - TR .

].-‘? SOmLeOne r_.]l.u.Lf"'La 'hha.t §0me number
: -y S - % p

S the ailStance between A and, E.}
It seems reosonable that ve wvould
Lot "'L'h_u.t cL,'x_StD._T'Lr;‘_L. to beo "Llh_l_.

shortest way to af_t {rom A to B,

Al 4y 9) S dl4,2) + dl2,y)

r"'ﬁra.i-q..nﬁ;.fﬂ clnﬂ?mg,fflﬂj,}

LJe «lso PFGEQEL% want diStance Lo
be soume N0 motier where ve

%tn.f*tr.d..

a&."'!,‘y) = af.f"y,-d")

' 4 |
[ &Jm.mﬂﬁryg;

And. it vould also be nice "-._‘F
d\LSJC.ﬂ._'I"Lr_l_. Lag D'I'Llll.:._j O I'-.AJhLI"L L_:'DL.L.}T"!;
ma_ﬂ_au..r'uhn.:a aiLStonce betoveen

EGM#_'Lh.'Lﬁta D..ﬁ.cl_ L“LEL.'L‘F_

a&ff,j)=.ﬂ o 4=y

r"‘r;-ia.rz-é‘:;ﬁiy of indisScernibies,)

-

r RN
So. let’s sauy a measure

1 b|'| L O ';' Y i




& - o Ey L . - - e r

Setsg c.hml‘uaa a lot when Yyou Lhnﬁﬂa the metric wsed to measure

distances between them.

-

- P

Lﬂ-jhl.-ﬁ. TT"LE'_.'Dn."':‘:Un'PE_.d_ with a fi-L'F.'FE'_.T"E.I"‘I-t metric, the same set can Seem

»

Like oo &L'FJ;aan.t UMiverse,

s

-3 = . _. . - s "8

So, we often deScribe Ssets Jc.ﬂ?lp_th-..r with their metrics,

'_I| m.eLric SP aCe S an b e t acCcOm F' a.Nie '-—L by o ailsStance me T ee

medsure the distance between Lis points,

For M‘ﬂmﬁtbj one really vanilla metric Space 1S the g2t of real

measured by metrce d(x,4) = Ix—yl

- : = - . &



b
] HLT‘E:

metric Spc:.r_r.._ Sﬂ.mj we l.-:ra.nte..-_L 10O 'PLHLL all QGT‘LL‘E Like G}_T fwhiut‘."ﬁ. Eﬂu.r..nLL%

g a. mOre Ln.te:r'e.a-h'x,ncl a_.:-c.c-.m.pLe_. of a. metric Spmr_?.. — O L'\,noluh'xs-’m:

"LL‘n.t.- “cu.:.tmﬂ‘j and, BPI’W (whmh sounds Llike ”L’.‘-F'uhu.:.mﬂ‘)_ Thﬂ.t 5

)
o L=

vwant to find ol letter combos that happen to sound Llike words,

-+ 3

We could write a computer program to find all of them, by wsing a
v.:'nLl:t'xGn.Cerﬁ with a prﬂnu.nc.iu.tknm of all the L-:"GT“J._E.J an.J_ another with
O Pf‘Gru.Ll‘\-c.'Lu.{'-..Gﬁ, of all the 'Lr_.tte_rS.; and, Eu.“u"'..l.’"k-xa “t Lo the List of

%

EISPL('_,'I._G.L combosg {.n_}hi'_.ﬁ, (LT ‘FLI""—(_L a letter cOMbination "Lhi:l..t T‘I'L'D._'L{'_,hl."'i O

word N the ::kLE'L'L.GF'»D-.T'“«j.

o o

But it does not find FOPM.*
“-ﬂ'.-'"" — iJﬁ_i-l-I = u:ﬂ-"-'—r-l“

r‘QTﬂ 18 a E'Pi..f;.'l.-u.h. combal crﬂmﬁ 'L_Sn..”c. a ﬂPt.c.'-._u.l combo

&

Becausge DPI’”’l (’G\'L—pt.e_—bh.m')

‘ ;{Dy:-;n_."t %Du-ﬁ-d_ anc‘thﬁ Like

Opium ('DIII'L"PLE.—’L.L}'L FL")_

L
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P

To 'F._;h. -l:."ﬁ_'l._S_:I e r-...u,.-.r,:i a. way LtoO SOy that the fre.m. EE&LLﬁ.cL S -:'Lu%#.

e,rxﬂu.%"n to the {'L‘mm':l'-" sound for uwg to nLE.t.P*'t. % Ol"l-e, WeLy to do +his

LS by %D-.Lﬁ'u.'l"-ﬂ all Li,'h.L*—EﬂLanLLTLca vowels are t..q_l-L*l‘L,

- e - & o

L = , =

But just becawge vowel 1 sounds close v_r-»DU-%h to vowel 3,.: and vowel 2

; r
sounds close Lnﬂu.%'h, to vowel 3,} doesn t mean vowel 1 sounds close

Enun.r..%h_ to vouel 3.

-

' .

9
So vowel sounds aren’t transSitive, But cquivalence 8

transSitive fthmt 8., f a=w and 5:.-_-:_,} then ﬂh:tf;"}_ S0 we

2 .

c‘_:::,r*.,:rt ‘:"-PPL'-:’_'. thu_LVUuLLr‘-CL to vowel sounds,

: p)
Howvever d-.,:':"r't.l:l..f"-it.ﬁ_} just Like vowel E-.C*Lhr‘n.{iﬂ_] a.ren T

5

transSitive...50 what ve r“E‘_CLLLLﬁ want 8§ a aiStance metric,

7

So what ve T"‘i".f:’-l-LLj want 8§ o disStance metric, e can just create

R

o. set of vowel sounds, .

r g L -

And. then ve can wse the “{i'x,ﬁtr::.,nce_. rn,e,tr“LE.ﬂ that Lx,nraux,sta have

already determined 1o measwure how far ecach one 8 from the other,
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|" ¥ uOw re Couk LWy oabhbOuwt MO Mol Mg LETS AoeTerm.,g -I'\--\."-Itf-‘\-r"'\-"-"" b4 e & M I\"“".h"""""'-. F 'J‘- II"""":_lH"'.l ried T2 L
3 u - J
\ 1 3 L , il Ton ] | T 4o by And for o more n=depth Loow ot +the
e Meberacdi v SR T - r‘-\..-..-\.:IL 1M wowel Mort et o WO, | € 4 " - H
F [ = X o g o oIt \ £ . g 5
inguistics behind this, Pd recommend this detaled blog entry: hitpsi//wwesccasionalenthusiast.comy
" b i & - T i, T . LB - L . o

= | P 3 A L ikt O Y = . £ 0n e b LM = h AL
!.":'I:"L-\.'ll"'..:_t.\_-.'_-'.1\_;tl_l..-n;_L.—'hq_.tm.'q_..,'_lq,_a.--\.1"'.!._"-\. it PL -\.n.'\:'||..-\.Lq_-\.:.-\.-._-\:|""- o L LML=, NLerhno LeOmnal -'i.-r— it _'I I"I":"r-."t-" L |



- - e f - -

R

- i i (o 3 P
Uur nmnew Pr*u‘_'sc]r-um Car now '.._-ia_ﬁ.‘tl.._‘*'lj word.s that sound close e__T'\.DU.?Jh_':I Lo

a. SeqelNcCe of letters,

Th_il..- enntiLre PELFL"L of +thois 8 csets l::Lr'-.,J.,_ 'Lllh_r__.-hr‘ QLEDFIPQFLLj-Ln-(j ailStance
- r

metricsd wxi8t ouwutsSide 1"E'_C1L.1-ILC:..|"—DL1:1_ 2d qr*kcl*ﬁ-;_ Thcﬁr_ T One reo.SOn *-'Jh‘-j

X ‘} %] 2 3 'Il_ . - %] 'rf . 'J.J‘ . E 1

vt s wgeful to r_}ahtP&LLﬁ;L the notion of a diStance (Like we did

with ouwr 'Lhr*ae_.—'f_}r*ﬂr"-.ﬁttL LLE'_.F"'.,HL".’.LGFL a +ew P'CJ-HE."T': 'I:.G..r__'l:.-."} — beCoauge noOw

Wwe Coun :upF'L-ﬂ digtances to more than juest numbers,




I = - - = =

Dﬂe_% "C.LLLPDI‘“’(.Q{LDPL V'm_ﬂ\,u.‘c.e_

notions of distance?

“’c.t..'i.upm rt m*'t.'uﬂnﬂ metriC,

i s rrxa"-‘..r“i_c._} L e 'LT"LD..?J'I..T'LP, ’C.LLLP{JT‘*"G.D;.{.LG& L.;:;'LS"-:.S_} G._n.(L Owr
current notion of di8tance d,i:'—e,fa not, Su,} no motter where ve

" Lant to tT“':l-."-.,.rt..L_, the anu:_L. WS 1 Wit oy, ;'—‘qn.ci, ".,'F we want Lo

stay n pLﬂLr_L the distance 8 O,

5

O

This metric can be written a8: CL('.-; “) - %
'}tﬂ -_1L :
nter*u.n.Sg

. - £
Q'F'{:LC.L&LLtﬂ.} £t metric 8 called the % ::*L'Lﬂt.r"e,’c.e,ﬂ metric, beCause

ﬁ

tt involves no continuows Specirum of distances, The disStance

¢L
between t..vr_..f"kﬂ'\;.h'uﬂﬂ 8 ﬂ'LS{Lf‘e,te,-ﬂ — cither aa O or 1
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1‘) Prove that the tLLLPGI"tEL't'L,Qﬁ metric 8 an

L P £ P
actual ““metric’ CHA R Tdistance metric’ Y.

] 3 L o = - L

5712 1UJEVPUY yo hyarzurpy
}Hﬂn L'F'I-J':r'd"l.u"-.v.l':ﬂ;. L'an.ﬁl"nﬂhbﬂu"- '11[%&11::-"-._1'4 7YY DWW o g 0y UOLRIUNY

h- Ji_':-j J-ﬂ"t‘)._li,:- U0 1F-||.D-L1|_ 0% ﬂ-'k"-'-""llll ;"ﬂ"l.lll"ﬁ- ";n"-!"“"'ﬁ-J"HI.I'DJd "-!-l.!|l"!|_- J"-!q_‘...lﬂ*w-lJ"lE_'l

jroh 03 dv sayy aaean 1,

L - = - -

:L‘) Come up with a function that Lﬂn.jt a valid 4diStance

metric (*."l"r.'xﬁ § harder than 1t seems at ‘F'u*‘st...'j_

-
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Tl neext Lhnp{af‘ S

¥ abowt LLF_F'LrL'\_rL‘a wheat a
Lumiit F':\L'r‘tt af.'th:LLhi., LS,
From calculus class,
&Lrtu._iti wnow what it |8,

sort of, in the context

of 'ELI-.I'\-L'_‘{'..-LGF‘LE.,

But we hu.d.njt T"'?_ELLLLJ

;LL'?.'F"'-..n-F.Ll_ (R F.h%Gf‘GLﬁ-SL%,

And rLQOr LS what

Pr‘&v'u.t'\-ta f_uLLLLLL.LE 5 I'_‘l-.LL

v aabOowt




1 " . ¢ R = . - - -

U.)\’Lu.tb% {he_. oK‘L‘F‘Pe_r*e_rLC.L between

£ £
¢ FQ_&LL% C,LG%E.’;} CLI‘LCL ¢ '\_T'L‘F'L_FLL'ELL% C..LG%E..J')?

s - il = o

o - - - - =

Th_,L. "'ﬁl._'["l-".,_"'l.‘_.g Set E_Cﬂ L'ﬂr_t‘i Th;__ JFLF'I.'L{,;-_ Set i_ﬁ,} : TI_L.'I._'JLIIFIL'I" liﬂl% "Lhr_.

really L'Lﬂir.q} but not ﬁ‘:l:i also d.{:&e,%ﬁ.jt {;:]tt finite Set iﬁ-; ﬁﬁ«,

Ln‘FLnLtbLﬂ close to 1, 'LT"-FLT"-'LJLLL-.:; close, aﬁcﬂ

L.bLCawge we Coan a..'l._q_.:.l-::._tjﬂ-;g (_Lr:::..q..} o nL'L%thr‘}LGE}J‘_* g._ﬁﬂu.r-...d__ 1 -E.‘I:'La..t gl_ﬂ!gﬁ!";.‘:t

Contailln any of +those PGLF‘Ltﬁ-‘.,

TR

f i . ¢E - ¥ ) y . . ¢L %3
Where ve Can formally detine a -'-.L_.J‘\‘Lu:na*w'f'._uc'-.l_.’ o% the regquon within a distance of non=2ecro radiuns L

e
arouwnd o Center -'.'_.]'

=

A499...3 s infinitely close to 1, Becowse

' ELLJC. ‘t‘I'L.L. LT"-‘F'LI'\'L"-'..E. Set i-a'-} cllc]'}

Wwe Can nNnover LLI"ELL-:' s ) r‘LLLahbﬂr‘hGDt_{. &|*Dmr-hLL 1 "l’..ha.t {LGIL%FL':.{ contaiLln

vtems W the set,

-

So 'L:..tjﬁ say o Limit point of a set fu. pount that the set qgets

(W )" ‘F (WL N 3 L.||.. Y :;ILG*E; e LO \:} LS a FIJ Lt suc h thet wver U neiq rbhorhoo -:'_L a O .;'_L
i

vt contains a pount o £ the set (besides the Limit point s CLTTy

-

"Uthorwise, wvery point would be a Limit pointi, Since wvery ne ahborhood arownd a pownt contains the point iseld,
p ¥ 5 = ] |



Can we make o Set with

Lx::.ctL% orne Limit PGU’Lt at O?

...80 that no matter what r\.r_.'l.hﬁhbﬂr“hﬂﬂd_ we drew arouwnd C',} the

:-xt.'x,a\,]hharham¢ Coptures §O0me POiLNts N the set,

Gr‘-r-_ such set 8 ilfﬂ-: n 8 a natureal f‘LLLFLer‘%_

- w5 # - h

@,
sd ol
Wi
Ple
| ple

-

Another such set 8 §2/n n S o natural

numberi, And o bunch of others too,

L=

- : [ = -

{'foﬂﬁ You ..1_&;{ U-p

T'LGL:-J.J no moatter what ru.-'x.ajhbnrhaﬁd_ Yyou drew around

L.-._:'-.._'Lh SO0me LtemS v the set,

" il - -
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Con 4ou make oo Set with t..Ku..r_'Ule 3 Limit PDLHtS?

——
1

L ouer Thﬁu.;j“rﬂ._{c_, Here: ':

'1#‘1'1."1.
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Drav a nL‘Lﬁhhc}rhaad_ around o Limit point, Can theat nu';ahharhﬁnd. :

Lver have 'F'Ln'LiL‘Llﬂ ML Y PCI'U"-*L'% W the E!;“:-? Frove vt

§ Tour Thmu%hta Here:
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L;Jh_-:-._t are open sets?

-

!mﬂ.a'-.,ﬂ..-_ o. Set where Lvery Sa_n.ﬁ'L-.. Pﬂ'u_ﬂ.t Can be Pr_.rtu'..rb:..ct o, ‘h:;.'.._-lr,_:I NLoany

dircction, and stiltl stay i the set,

o

3 3 £
L et s say such a set 8 : Gpu‘u_'ﬂ

Miar |.r:.-:.1|""".|'|.|._h e 2% LU '.":| — b a4 8. the set of re
O™ St Lo s Vi o oo .t os clote O Lhi g ol 1 = _'--. ‘n Lot bDi n-_"_“n.n_,-l s L 1t.|.i_. T =LY 2 T 1.ﬂ:| ;_:-._.l.

sdill be n the sek,
' m.Ore Pr*t..c.'t.ﬂe, Lmn.r\:]thu.zjz.._;

an open Setl 1§ a Sel where
h po  ——
B R-NAt ft_‘.h'-'-j-._l'l.t L O
neilghiborho od. [ﬁ o+ noOn—=wroO
i |

mMa. ':‘l; Lk r':‘-, H\I} oa_r YL ™ L—L .'I‘_ ':t_ ':t_ 1'|'"|,_ o 't_ llh_ S

cCoOnta il E'__I._L et r‘Lll.l._jl WA 1["|_ . Se L 5
FCH" LEG.T"I.FLL.,; the set (-'G-Q,}O\’,
_'1._5 'DP-r_.r-._* Eu..‘t ‘Lhr_.. set ED,)J_‘) (R
T"'L'I:"t._

" Mote that it the real Line, an -::GP”L st s

LELLLL"UD.LI‘..T"LJE. 10 an ;EGP-LT‘L 'LT'LJE.-Lr“-.-'u.‘Lﬁ. "“a.LLC.h a.s (‘n.j'n\),

= ol L - bt | o L o



S -the_. WL On oL GPLn. sets

always cape_.n?

the

It turns out no matter how many open sets you combine tﬂﬂtihuf‘_}

T"#_EI.J-.L'E.LFL:ﬂ set will meijE be an Open set,

Proof: Say §1...8, are open sets, Then say the set § = §; U §;

1 o

the union of all of them, Tlow, we consSider a poLnt p in the set S,

ConSider the Becauwse §1 18 Open, p has a rLL'u.cﬁ\'LbGr"hﬂﬂd,
P € S1. \ lu_rnu.ﬁ.dh i an{'u.r*LL;ﬂ withon S“ and therefore

ELI:‘\.'LLT"'LL% withiin +his unioned set S.

TMow conSider the Afi’lﬂulﬁ.} beCowse S;_ (% Open, p has a
'FLL'x%hbDPhGGCL arouwnd it 11’\.1"-..!"‘-'..‘..% Wit huun S"n':-

: and therefore tﬁ"t-'kl"‘L-L'-j within G,

.

e can wse a Similar ﬂ.l"ﬂl-'-me.nt F P S an clement of §.. S

.\_:._.:' I"ﬁ‘-} & @ @

So, for any pount p N tNLS new set S we can find a ru..'Lﬁhbr:whumi

arouwnd i1t e.rL-i'.Lr'*t...Lu.j . the set S, SG.} S S Open.,




)18 there u.nsjth‘krua

'Lhtgre,%t'kﬁﬂ about 'L‘.,hl?_.-
C.GF“LPLLH"Le,mt oL GPLn. %e_.tS?

-

' S C'-'-L.l. LLLI'T'LE_,I""L,'L‘S. ROt v -Lhu_'t,
The CGNPLLWL&&{ of a set... o Set (.I:!LLt stitl n that metric
SPG.EL-)’

Do we nOotice any Pr*C}PLr‘ti.j that holds for every C.GF"LPLLT"I‘LE,I‘Lt

ot every Gpe_.n. %at? LJe can look at L.HamP'l.v_.% for 'n.,_T'LSPLr‘CI..,'{'..LGﬁ_

ALL the complements contain their Limit points, Cowncidence”
T].DPL._ € twrnsg C’!Lk"-:._] the L‘_DF‘LPLLmant of an GPLI"L get anaLj%

containg ts Limit PG'\.ﬁt%_




wha.t S the CGT"‘LPLLME‘_T‘LJ{.

of an GPLI"‘L %E.'h?

- - 3 s ark

Sﬂ.._. S\NCe ‘L\'LL-'-;J, are 'Lh.b CDMPLLI’T‘LQW’L of ;:GPL‘T—L ‘if.tﬂ.ﬁﬁ-} th.}ﬁ. sacy -I:.I'h.':Lt

any set that containg all 1t Limit points 8§ a

-~

TMote that while the set (’C‘.}l‘) S Open beCauwsge Lt iﬂ&%nﬁt contain Lig

Limit points O and 1, the set LO11 s closed.

Tote that sometimes (but not alvays) these Limik points will Lie right
on the boundary of the set, and so f the pount S perturbed, it can

La Ll r"'l._%h..‘h owtsSide the set,

This S n contrast to Open Ef_tS.} where each Pu'u.ﬂ-t always had o bt

o4 w"..rj%l.u roO0m, (’the_.. r“a.q_u.:-..'u.r"-.r,LL HL'L%hbﬂr‘hGD'\L u.r*i:imn.d_ '-..Jt.":}*

=

_Tlﬂte, that n the reol L'U‘Lt...:I a.n “GPLW Ee.t'ﬂ S

cquivalent to an ”Gpm nterval™® such as Cabd,

Fa - - L
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-hathpath S
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check WF vt
u vt S
cCQO
MPLLFTLE.["'.J’C. S

' cloged. »




HGLJ Can kj'DLL makRe a.n

It turng ouwt that
?]Lw..ﬁ a.n Open et 3.,
the smallest closed
set that containsg it

8§ the Open set §

plus the Limit pOLNts

oL

Open set cloged?

Some

L;-}hn._tjg the smallest
clogsed, set that
cContaing a qiven Open

et

eants:

Y

The set of coordina tes

i i i
such that 04x$1 and The set ot coordina tes

0<y<l s open, sueh that 0&x81 and

Osysl s AT,

-~
J ™
/ /
e ™
4 /
e,
_‘_r"
r.
}
r:rll-'r
" }
§.
ATy, 2T
Y ¢ Faw
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Krainteaser

- LF S # —~ -

e it PDESL\:LL for a set o be both Open and, cloged? That LS, Coan a
set satisfy both:
fapmxn.p_ﬁ;a\;, Lvery pount has a r-u_.'k%’t*._burhumi around, it conteined
p_n.-h'u'*L.L:,,j withoun the aet

(:.LCLE@,:_LH.-LE%.\J the et COmntalillng all 1ts Limit P'.‘.‘H,I‘Lt*‘a

[ v . z E ul i &

Your Thoughts Here:
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s Wt Puasi_h'l_t. Lfor o set to be rnetther open nor closed? That

a. set ‘Eﬂ_{LS'Ptj bo+tv:

(rx{'_'}r-L—DPLn_n,e;ﬁE-j +the set hhag at least one P':l".,ﬂ-t where Yyow Con ! -
drawv a n.t..'w._u]hbﬂr‘}l{}ﬂ*{{ arownd b within the set
(r‘-ﬂn-'ﬂ-l-‘jﬂtfiﬂt%'i‘) the set d_Du:-:.'-T':r"-.:'t contain at least one of iis

Lium it pﬂlnta

Your Thmmahta Here:
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ﬂ{ burnch of GPLFL sets II}I._L’L t':"*atthi‘-f‘ (W -I"._u-.'LILt_.dv a. f:tﬂPGLnﬂkﬂ.ﬁ?

The rest of +hi s {,hmp”c.e,r will be LGE'RLTLa ot PT‘G?LT"'L'LLE of these
‘::tDPGLG%LLﬁ,.ﬂ [" Pﬂur"tLE.LLLﬂhr‘.: t:-'a...}L'l, be Luﬂkk_t‘tf’j at the tD?GLGqLCnL

properties called compaCtness, sepoarability, and connectedress.
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For more on the origins of analysis as vell as abstract mathematics
3
N qeneral, See the book “Ducl at Daovn: Heroes, Martyrs, and the Rise

DJI? I'Yqu,_q_rn ma.{.hbmﬂ._'\‘..i.ﬂﬂ.ﬂ h'l._-'_i, fql.""'l.-'l-.r" HLL-H;.I'L{LE.I"_

:-S-f'rr":'! Lembke's book on the Vietnam War Spitting story is called ﬂTh.w.-

o

gp'\.it'\.n:ﬁ irr-..ﬂ..ﬁl..: mlﬁth." MLTI'LDI“lj and the l_aaa.[.nﬁ of Vietnam, | owve

+hig reference to Thalia Rubkio at MIT.

FGI" mOre on the Greck mathematician :..::L"-.Lc!'.. for D...'?a*iﬁr"'hl'l“'-ﬂ that s0me
: : : 'y : :
numbers are l..r*f‘*ﬂ_-hk.nnu'l.,} See the Tr_d, EEL video: J A Er"u-‘? H.'-.S'tﬂr‘kﬂ ok

Banned Tumbers.”

For more on the contrast betwveen the tap-cLuun. nistorical d_-._u-.'l.apme.nt
of analysis and the bottom=-up teaching of analysis, see the book

(e
““How to Think about Analysis® by Lara Alcock.

4
| owe the q uestion "wheat 18 aa number" and ts answer to ¢ How e Got

from There to Here: A Story of Real Analysis,”

| owe LTS mmd_gratu.n&'ma ok -.".ramglt.x numbers to Prof. Francis Suh'a

online LeCtwres On RL-:I...I. .Hﬁ.n:t,LtﬁSLS_

Thanks to ”Hau L)e Got £rom There t0 Here: A Story of Real ﬂﬁnltﬁs'l.ﬂ.ﬂ

£for an explanation of the Archiimedean property of the reals,

| ove my mniaratmni'xnﬂ of how L;{Pcngnikmlﬂ Came t0 be defined to the
book$ ﬂEu.Lrn. Mot CL&EEI‘:‘} by Jason Wiltkes and “Huw e Got £from
There to Here: A Stﬂr*-_-, of Real !ﬂuﬁa-'l.-ﬂﬂi.ﬁ_ﬂ

¢
Many proofs and cxercises are €rom “Principles 0f Mathematical

Analysis® by Walter Rudin.



ELbL'LG:ar‘n-P\'Lg_,
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i [ : :
Th.un.h,ﬁ to pr“ﬂ";, Fr*ﬂ.l"h.r.'u.ﬂ Su-."i onLineg .LL.C.-LU..I"#_E on RI‘..L'LL HnquﬁsLs for
:..xfa'La.'m,ﬁLnfﬂ how owpr notion of biLjeCtiong Lurraﬂpcnia Lo owr notion of

tﬂu..nt'm.n,:ﬂ_

For more on the (LL.VL.LGPF‘L.r_n.t oL ﬂu.'l:."c.'l..-hLL(L#_‘i tnmnf“(L‘S "..n'F'\.TL'!..*Ltj e
£
mﬂuthbmﬂ»tltﬂ.} See 3 fI!‘L'F'LI'LI.tLj ':U'L:.L the Mind: The Science ::l.,nql_ PhiLﬂﬁﬂthﬂ

of the in‘F'LI'L'L'Le,'w bu RLL(LL_?] Rucher,
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¢
Many proofs and cxercises are from ; Principles of Mathematical

Arnal S'LS.ﬂ bu Walter Rudiin,
b 3



