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Abowt this book

”Lm.jhcut 8 'L‘h_r.. PGLT’L'L of ih'gﬁ?ﬂ 18 a. COmmoOn dku.p_'it'u.,f:}n W

math classes for a reason.

Le often learn math concepts before und_a.?%tqn:llﬁ-:a the
FhLLaanthaL q estions that motivated them. For a.,:-m,m.p\.a.,j )
learaed about bijeCtLansg before | realized it answered the

quUeSELON: are Some canfenctees ééJJ-sr than others? ALl of the
abStract math textbooks ) could 'P'LI"-CL FP'LDP’L{LELEL
CGM?FLhLﬂﬂLVLﬁﬂ,EE a.rd. LXPOSLLLOn Over why the PT‘GELL"L‘E Wele
Lfun ‘and 'Lntaraa-tx.mﬂ nothe First F-'L-:Lf‘_r.._ l_LLE.kiLlﬂ,} | found a
few friends and teachers who tmm%ht me exactly L.-Jh,t.j these
Subhjects were SO FmSc'xnﬂ,t'anf’_J and kRnew the 'u.ﬁt?.rv.'i'th.l‘t:j
questions to ask, and once ) knew that, ) could turn to my

texthoors for :ﬂmpruhhnSi.ana‘s% -::L,mi L;{pﬂﬁ'ﬁkﬂn,

This comic S meant to teach real ﬂ_ﬁﬂ-ll.\ﬁﬂ'uﬁj o. suhject +that
often Serves o8 an ntroduction Lo absStract math. ltl'?. +he
textbook | wish | had - one that includes visuals, stories,
and the philosophical questions that lead to core
mathematical LDFL:L.P{%_ After -::.LL_: math 8 like PhLLD%Dphmﬁ.}
but with answers.

) hﬂpz. this book 'S %Eme_thli‘kﬂ ﬂﬂulri want 1o re_n..c:l. whether YO

n,p_a,cL 1o ?m’é% o.M anLlﬂE'LS -E.LD.’?:.S_} or I":;r.::..‘-f:.‘% SOme TyMme, E'w.."c-ht.r' un%_?
} ‘:"LGP.;, You. enjoy ra,r::.hr:ll'l‘l-{a about the subject that brum%ht S0

moue oy and comAfort to me,







What 8 real analysis?

.TJGu. 'Le.cxfr*..a.i SO0me amOwnt ok 'I!""Jn-bh"..‘ih.
a. BhoOwtT {:.ﬂ,L[.iLLLLE e hu.l':}h. ELhGGL
('e;,'nf:..h. L You didn't realize Lt ).

Analysis s about r.:.'..«r‘_i::.hr‘!t.iuvr;k;;i.l

up thiat rubvbish,
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LAJP. hLolve 1o -’?t::r%c_,t he,n. LJE.lLL 'I:l'-J-"-..LcL “t hﬂhth.uﬂ-
ﬁubfﬂthlﬁlﬁ e IR.F'L.CI'L:' g_gnh"_nﬁ F’r':""“-nﬁ E':L':-h 'stlp,: _ 4

- about mathe r-xcx,'n.'x,nq qupres th's el true .
. 5 |

To do anw Ly Sis,.
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rﬁ.ﬂtﬂ_.: Hﬁﬂ.tmﬁﬁiﬁ S about F‘UI" I-!.-?"'-*EJ"-'["‘I..FLLM'..,_I|I L:l’ﬂld-‘LL Flﬁﬂk—'-ﬂ

Fﬁﬂréncj i:r:n.1--|='..w~_l\_|Lu~_S_JI not a‘f..:?a::nc? that 'Lﬁti‘.af‘n.'l.ﬂ L:i-\.'SJC-.J boct

caloulus,




b.)\’uj cLD -:J._r‘x.ah\.%SLS?

Diysclaimens: ﬂnnL%SLS 'LSnl't tLLhﬁLLnLL% ”l.:..%r_-?t.r.'l._j“ W ihnu"t:
l‘} TE-LL Cor rn..r':..l.mﬂ '-'-I-.FF.ILLj Lt ko i.ht.. l"E..'l:LL 1.:='i:inr"'l.,e:':'k.:|I :'.Ln.cL

1) The hm..ncl_-muum_ma
calculuws can lL'E."-:'-..(L TO

o
ED..T“&CLGHE.%_ ﬂnmh{:‘.'ﬁ
wes that by Prﬂv'x.n:ﬂ

catculusg rLaGr'Dm%Ltﬂ,

L) Anadysis presents
oru GPPGrtmn.Ltkj to
think ﬂ.h.cl_ Pl"‘t}ug_
thlnﬂ% e aun
entirely new woy,

3) Analusis offers escape’
Lrom. r'»:r_ul‘n.hﬂ - o chance
to philosophivae about
th'l.&nﬁ. thot hooe

'ncth‘u-.r\.ﬂ to do with your

=

D rave B.mm

Arcd SUre, mnmLtj%'n.% does Hove Some Prﬂ_f‘_‘tlr_u.l. c:..pPL'utu.tl.filrﬁ_
But who cares, nhnmjmn.h&.j? We do it becouse tt's fun,




LRy do analysis books

rqrahj wSe P'LC"C.LLT"E,%?

,ﬂlrLaL%SLS Corme abOWwt o .S Fn.f‘t of a. movement LR

the 7005, Some mothematicians vanted math

t0 be moOre abstract and Hpu-.r':..,,“ and thetefore to
re.l.uj leSs On thL ”c_rmt.-hc.h.n..%” ok "l'uau.re.% ﬂ..-ﬁ.EL

r:i..'h.n-cﬂl‘n.m%_

T waq %Gﬁxtth'n.ﬁa o+ o Lhﬂ.LLLT‘LﬂL,} pl..r"h-:-,PS.}
to define math without relying on Flgures.

Arca: that‘% Pr*ﬂbubh:, Mhtﬁ m.Ost u.n.c:..'l.s.ﬂ.ﬂ's.s
texts -‘Sh'ﬂ e "prﬂﬂ'\_. \f'q._SLLLJ._LE: betCawse a.
"gl,r:j PE‘-'\_I‘L"L oL I:L_nn.l.m.jSl.S was to ot ﬁ.tP_CL

viSuals ::..ntjrri.ﬂr"a_
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How do you prove. that

ammaihgna cLGe_%ﬁ."'h exLStY

Prﬂqvx_n:ﬁ %GrrLe,t'Tﬁ.'Lﬁ.cj doedn't Lxi8t can be o Lot harder than

Pr*r::-v'u_na Eﬂf‘"'-.e,-'t.".'LL'.'Lsa doed cCvxiSt,

A fs.an:,'u_c:\.c:tai_at_’ J enry
Lembeke, roan into
thiat problem,

Bt Me cownldn'k Sy
i L II ||

Yor Suwre that thee
-"E"-FL"-‘- "‘:.Lr"l.';;,\} MNever

}‘LQPFLHLCL,H

He'd Neard Stories

o.bouwt antiwvcr
rotestors EPL’L‘LLH. Ore
E/i,m.{.n.u.m. Lar soldiers

g "Lh.-r_.}d e terned

I+ e only Rava
prove thie Spittin
h*ﬂ-FFL.FLLcL,} FLe wowld
just have to find
ONe accouwnt of it.

But as Lembcke looked
into the P’ht—ﬁ.ﬂl“ihﬁﬂ.ﬂi |
e cowtd Find no
SLn.%_Lg, iNnStance ok thi
Spitting,

'\.1'0;.':"! i |

Boot how could he™
prove thuat nﬂf’t}lﬁii’i:h_tj
eYer spb.t On. o wvar
VLLI‘..-["-G..I-"'-?

I 4 -1.:.4:31,1_1._& be 'uMPGSE'h,ELt T iNterview eNery S_Lﬁ.;a'LF. Viectnam
Veteran = r_:i.,g_::z,-:i_ t.x‘I'LcL aliiVe, :

=, I

Srem

_

ki

The sociolo
u
Fr‘ﬂtr_.stt:rr* p

evidence i1t vas truwe.

ENdMenOn Was LNnitraie,

(St ocdmitted that he couldn't say the : $pitting
He could only say he Hound no




How do yow pProve

n{]n-*e,?{'\_%'te_nte_ Ure r'r'u,.c!._"(,h?

F“-’-C'F‘L& Sy ijf:"LL Carn't Prove o T";e_:ﬂi::.."t.'l._'fﬂ. Statemendt T’L't::t Truee,
e Ill_'l..-!'_l.f"iij.___ But in rh.,cﬂ.t“ﬁ._j i_t!"E_ P{'-"'ES"_'»;"_‘:LE« P i T HFTGGJ'-? by
contradiction, '

¥ we find a contradiction
withoumn owye re_u.,?,nnn_n:j we
must conclude that -I:."n..._n.ﬂ

.:!:-dﬁ_ﬁ‘ .f;.:r{s X u..st.

Et—m:.mhq..r_i — "".:'_. L-.}; a.c-hum-.hhﬁ
MOowr Monoe, <, 1 , ave wideo

R T Wy B - . | ! foola i.. r‘{-‘r‘ﬂ.!'i-
TRy ] = the -LLIL"?U"- u.-"a-
(A e Tl 0 S N | i 4:4._-_;3 -0,

-ﬂﬁ.:l-l"'

-

When 60 people contradict each other, youw know one of them
hasg ..ac:-‘c. t0 be Wrong,

g'uf’tLlL-::hr‘L;ﬂ__' L4 0 nx::._-hh.,: F tuo of the Lines un YO Pr‘f_ﬁ.ﬂ
contradict ecoch Oother. then 'Ll'flr._-l"i'.1% Oul- Lt Ll 'hh_L-FP.
Eﬂrﬁ.i‘_.-m}‘u_.l‘“e,,

-

F:iﬁ.cl, -F Lvery :tLP ~.‘:Jr:1-uq. took Wi the ?rau#‘- oS ;:,t::u-r-n_.:_t + e e by
r_:::.n.t be UL aniy ot the Ethps youw took, The Lie m..m?;t be un:t.!.j hack
T J;_h,u;_. ._}'E-F:-j 5[:3 %ﬂmrﬂpt;t}nlyﬂﬂm ff's,u..ip_,




How do you prove irrationality?

He wals exited. Bit hoo could he

Move ‘,-p-;“ay-sn thakt

(It was hNeresy to
Say Numbers were
30 disordertiy )
- : L

wrractional numbers
xSt T

s o

l_J‘__.Pr‘I.,.IL.-r‘I... o e

ancient Greek

d.i.*%-:;t:wn.r*a.c:L thhat f q

SOoMe NMbacrs

%k
are irrational |

-
1|‘f‘:-,i.1._'-:lr.:l-.'|.. fiikmbers are Lhuose

thaoat can't B Wwrittem as al
et Lo ok L 'r_-;-_.-il_l"ﬁ (ﬂ-.ﬁ. P"“L-

Did. Ye Lire D atl the infinite fractions in the uﬂr‘tc{j ST -
E,DF*LPur“E_ eaCh 10 o Rumber re thﬂmah.t wa s Lr"Fm."c.LGnaL?

o

He couldn't have. He'd hove to have That method of
checked all infinite Fractions in the proot would ke
LJ':III'"“L(L betore LT‘LELLT"'LH.?} none 0f thoem wvas LI"IF.!J.S-S'L:EF#.E.

nis QUi E

At il
Tnigtead ma?ﬂmi-&:{a
- iy t .- t : 4 ':..‘ﬂﬁ- &!?u_.'

W Se Proo-c by con l"ﬂ-._tl.t.._!i.l..é




13 the Square root of two

';_r"f‘ﬂuh'l._ﬂnca_l.?

F‘_LF‘S‘t Let'sg CLF‘.C.LG.'I’"E_. t ot JQ L.;.q,q_ﬁ-'t,'a
(LL-]'IE_ %‘FI.GLLL':L be E-;K..Plln-k.ﬂ-l._t abouwt thie rules we're c:lﬁl.,r‘n.{a 'I:.l.jj

et's assume, for the Thien thiere muost Let's uSe a p and q
DWrDO%e o+ EDI’\.’C_I"G-.CLLEJLLDFL,: LRXLSC ol 'PI"'-?:-C."I:.'L.'DTL thoat I'h_n ¥ve mo
that J2d s rational, P that equals J2, common factors (so
(It"a not ) Lt T g that P (g ‘%mel.'v@"m,at}u.‘j
" aq

Tlow we'ltl show thie contradiction: even thﬂl..l.::]h we Chose P
:::.ru.{ q to shiare Mo CcOMmmMmon -’Ea.c.tf:ir"a ‘f.”n.z.t.j u.Luu.:.ja t.ﬁ.c.i_ u..L'F
Ehu,r“n..ﬂ.c‘:!l o. *actor of two, :

Let's prove q s divisible by two.

Since P LS eveTy (e an
W o ag TR

\,itdhn_ W v5 qowre nk.,ﬁ
\Eiuﬂ




F, ﬂ'_xﬁt:l' q SThLare

L

faoctor of 4 O,
ontradiction!

#
Remember, we choSe o P
and. q that %ht::..r‘t..cL nO

common Sactors,

Buct all
tihie
EL'ILE..F-’-E e
toow

e re

COrnect

So thie 'F‘Lm.t.;} mu-St be iLn
S r :::_E'E:mrﬂ.Fn-L'.._-.‘Jnj -::-.'I'Ld__ thhee
onty t‘r*..'u.n?} we a§Sumed
wag thiat J2 s rational,

5.':".} J:.."_ Ef-‘!nr"ul"t be T"-::-..'L}._D:"\.-lll_.




%L.LJE. CLC) 'Lr‘T“Ck_'E.'\,C}rLc:..L

numbers n_{:.-hLLc:..LL% E.-x'LS-t?

ol Fr"i.Lﬂ-r:L Once ’LDL:L me that erutLunuL
numbers don't exist in the real wvorld,

What ao™ | "I ) dres o “Then the
3.
‘E:‘.t.i_d_+ HOJ? COuwrsSe trilarng e r..-._}LJﬁ'.,h hL_ﬁIP'D‘hLT"LLLE}E'_ I\"Lt:l..ﬂ
Sides oFf "-.L.n.at"h. T Lt.n.:ﬂt"h. Jo. That's

i_r"l"tl'!‘.l_ﬂnuj._”

B 1 it
LA..JILLL_J =.f*..I::1,1r s¥vre r“'n:..F.Li_:_:l“ I-‘? Yo arow that Lt.n_ath i e 1"’E._-‘1"-L
:...‘*-'I.':r"LcL} that Line Stops somewere, [F YO =Q0m. LN close e..n.t:u.n._%._'p,'-'_l_,_

and OSe o ruler, lﬁnu_iL'L See that the ék'é_i:,ifﬁg.?l; &_L%L_-hﬁ of thiatae
Lengtin don t Q0 On Yorever, :

— ey

IHE‘JLI‘L that side of Lr_.ncﬂt'h. 1L You. drew i;S'h’{ exactly L;..-ﬁ.%t;’tt 1,

Thre Frﬂhﬂ.hi.l.-i_'ttﬁ Lthat L#..n:ath LS q_.:-h:.r:."t.Ls.j l_ﬂﬂﬂﬁﬂ@ﬂﬂ_} as Yyouw :::-.::-L::L
b+ |

on infinike Os ofter the decimal potnt, diminishes to O percent,

. o -
——



Like a Lot u-iF"c:::;a.—L%E-'La
Shie's 1"‘1,3‘3"1.."-‘._ CONCepEs, i,'l"L‘Fi,'l"-i.'i:.EL decimalsg
| exXiSt Fg.r-'Fe;r.thj t:.n.l.xj i our

So why bother with all
of thiis stuff £ & all

GI‘LL\j LXLSts inm ouwr "I"\.tm-:.lﬂ?

.“LL_J'L-LL_} ‘-‘-’!h-‘:{n cLﬂ e HI‘UE not &Lﬂﬁ.tﬂ‘i.
do philosophy?" weeful, And s

UL S 'Sﬂl""ltf.-":.l..f‘-'l.b‘ﬁa .
—— ~~ ridiculougtt

it forces
You 1o View
"Lhir‘ua‘?:. from o
i_d;i'FFLr‘LFL"L
FI‘.-I‘"'EFP_L‘L'\_VF_} cl.]"'l..r_'l_

et o '{:u..LLg_p e

you.r
‘= Ssumptions,!

And that's exactly what makes
‘analysis €0 cool, Tt's an entirely
- different vay of thinking,

W e —

-~
p'h--:- g &
% ."L e
=t




Hc}m CLGE’_,'% Prﬂvl_nca Ll"‘l’"‘l"(.Lﬂﬁ.CLLL'tkj

relate 1o anal '%'-..‘EL?

S0 what does proving that irrationael numbsers wxist have to
cj._i.‘.i with real analusis — the buwiltdin ak l.'.::n..lLC..u-Ll-.LS?
9 3

Thre purpose Q- Ff'l:'v’i_n.ﬁ that irrational Nnumbers exist s to
shoow theat there are 113&1:1&" it thee rational bLine of numyers

Truis qexp 1S SoOmMmewfiat SwrpriSing, Since it Seems thoaot
rationals are densely P-:L:'In..-.fi_ That s, between every two
rationaol Numbers, 4o Can 'FLTL::L andtNeer rational Number
(E‘_ﬂi"'-ﬂi.-il.-'r" thie number {/ +q_~)x:._a'. that exists between rationals
P and q‘_") SD,} given thaoat ratiOnoaly are S0 dqt.ﬂ-ﬂe_j Lk's
SLLPP#LEL:-LE theat Lwe -Fﬂu.n.:l_ o st thie Eqm-:-.re, ract ok +tWwo,

4
2ets thhot don t hHave uar:.p%
: | . :
(or complete' sets), such =§

th.:_ r"g__-;:a._ll._ 'l.i_r'l..,"_..' CLE gLEL‘PI..LL ‘{:'l:lr'

It‘*?. ot nrw.l.x_j 5uu..r~1:+.r*i.«'.?ti..rwnu:‘:j_1
ket also somewnat '
tncomvenient thhat

et iOnalsd h_,u.,‘u"p. ﬁnp"ﬁ

*
'u:un-.JLi.l--:lln'.r'maI wp caleculos,

*Fm" example, we krow that Limits are o foundotional {:ﬂnc.Lpt
inn calewluwg But a Sequence m'a.a'h.t not hMove a Limit in an
i.nc.ﬂﬂ‘i.plt.t#_ set. For LK&TTLFL-E_:' consider the Sequence 0f rational
numbers that slowly approaches piz 3, 3.1, 318, and <0 on, Tt
witl have no Limit in the rationals (\:E‘.l'..ﬂ-\-’-ﬂi'_ its Lumit LS F'\.*}.



I«L)\’Ltj ‘-1_3&,% &naL%SLS -@ELLL e

anrelated to calculus?

But \‘LLStGr*'L{:,c.LLij analysis
(o T T de_xfuitjpm..c].'\_ 'Fr“ﬂm, "f."ﬁ_e,-_ ‘LDP
d._":'l-[..n_.'l'l""n_ — Stnr‘-hi,r'ua 'Ff"ﬂlrn.
calcuwtlusg ::._I“LL:L {ﬂﬂi_n.?j ::LEJLur-..
tovards the basic axioms,

HT‘L&LLﬂSl‘-‘E LS FI"‘LSL“"LLCL 'Pl"“:!IT'I“L
thie bottom LLP — Etur‘tir\,ﬁ
'FI"":ITT'L basSic axioms ﬂ._I"L(_L
‘nuLLLd\i.,n.a towards EQLLU-Lqui

1
SO this 1S vy yow LL start analysis and leann about t"l'h.i.n.%'; i
] 1

Like irrationality and ; C?-.F‘E‘ and be thinking: vhat the "fL'i-_;.E;-hs-"
does thuis h-_::._‘*-‘v_ o do wit calcwlwsg? Tt Becomes clear n:'-.'n"-.-.j:

later, - -"'

o =
& 7 .-‘f....

v

=

W

-,
& 1

B

And. S0, MNext DJE.!"-L T’E.Cl.hj 't.’t.-,‘% nOt But L‘-‘{"% Ju-8X
next aiscu8s ,'meai'uatatkﬂ clear eMmbrace the
Dr‘*:::lLr"LcL Sets, how Gr“cl_tr‘ti qets Chﬂ-—“‘a.

| help us build up

calculws,

And. yeamt, it 1S
totolly different
thon vhat we
just discussed —
wrationalit




How do we kRnow where to put

numbers on a nwmber IL'LI'"'L-!'-'_?

Tt s wgetul to know theat some Numbers ore bigger thiam athoers,

How mueh
oy HQU\. "
h"‘ hf_.nt;ll"l.._'

1 . i
L.'._'I .': I _1r Ll -E": t_ r‘i. u_ af 1-.|_

T
Ll.]-:_ CL'-'.'H".. £t have b
BUt as of now in mumbers -:...ncL '-‘:.r‘l'Lr.!.L?
I-!'-,

Numbers,

o 'h'n-"-t."ut:i-‘i-f"-'?_,_""'P nokmbher f"u'ﬁ"f"-t [ pita g

ok LE‘.ILI'.'_.LRII.-I_'I-_"T-__] s
Ii'Ll.‘.L_""\-l'l;_.ﬁ"u."J'L "'-fﬁ"'t
iRtroduced any
COncept of some
Rlcmisers EL.,,:"';,EI
1:;"._% e than
Ot Tiers,

Le S0y thot D s 1h".*':]-_':|li1‘1 thonm 3 'f.".rr-‘-..ll.'-j pelouse F-?.E.‘*PL;_ +rom o 'L-:'.lr:_.;_]l

& I & &
Liimie g0 "?.tf.:l._-..l.'.g.,_ SO | hots how Ji.'I'LF'_'I..I_II L{_u_-:.'_'-._c!__u;-_;'_l_ Lo prder B ':l...ﬂr_'l',_
bt

know which numbers are 'bt'ﬁ':}i'.r"p-

(h r-.-i-_.i-_,cl_ Lo i':]._r;'Fl,qu_ ‘1'...'|“|.1'_. ohd.er "I:.III"LL.L_n aQl

= e

- . ; ;
L_":_"-'.!"r; Soey thoet o proper woly to order numbers S Sufy ey gue

that ot you compare two O+ ':.'I'Ln'..r-‘-u.,,L One 18 equal to, bilgger Jf..'l"L-.:-.rt._I or
& b = 1 et L i .
1..!'..-':.:."-‘.';5'_1"' T_I|"|_-r.i“.'"|.. 'L'Ii"l..t_- E}'L"’LLI"_ rtl'ﬂfi'_ P"""':."."'E:t"l‘l':l*-. Witrem l;'_ejfn,F.-:._r"'-,_l"l..-,j :"-_LLTTLL-,L,T‘-';

L] 1] ™ '
::.-.,ﬁ,u.'l_ | 0 i ERT T Gf'-:L],_E,I‘E.:'.L ) % S ,_,;:.r_.._:'_-l-_L.,ﬂ Qree 0% tine '*L"-'.'."-LLJ#-‘-'»,F"-% B0 ¥ 0T o I'I"L':*L-:L:

®Eaor crample, o Ili::l"-‘-lli:u-rh Gl'-:!l.s_r‘-..ﬂ-a for the set i?-..ﬁi cxa be that 3 cgug sy S f_x.'t.l"i
not the ordering that most mathematicians g0 by, but Lt does satigdy our
-L;L;-_'F._n-,_-l;,.,_ﬂr-. ad o Pr":}'i_::..-_.r :]r:],.;-_r-._i"-_ﬂ":.‘

But an order ceza’dt be that 3 s both 31‘#_::.’:_:_1- thoan and Llegs than 5, Aed, Lt
caa’t be theat 3 hoet ao relatiton t0 9, 4 thede Llogt boo were ﬂl"-ﬂ_u,r'.,ﬂ--aﬂﬂ vk would
be LMPGQSL':;L:- Lo angwer the QLS LALON which s 'h'-..-aﬂti‘: 2 o "'r?






